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Abstract— This paper introduces an analytical approach for
the design of variable stiffness mechanisms. The basis of this
approach is a general model – representing the potential energy
function and the physical constraints – covering the design
space of variable stiffness mechanisms. Using this model, we
present a systematic procedure to analytically define classes
of variable stiffness mechanisms from first principles. Con-
sequently, we identify mechanisms capable of infinite range
stiffness modulation using bounded motor forces, and define
the simplest mathematical model representing mechanisms in
this class. A prototype mechanism consistent with this canonical
model is designed, fabricated and experimentally tested. The
experimental data are consistent with our theoretical predic-
tions showing constant motor force independent of the output
deflection and output stiffness when the mechanism is subject
to external load.

I. INTRODUCTION

First principles based design, through the use of mathe-
matical conditions and algorithmic computation, has been a
constant wish of designers since the introduction of com-
putational kinematics [1]. However, traditional design is
experience-based and heavily relies on intuition [2] since
designing from mathematical conditions is nontrivial. Nev-
ertheless there has been notable progress made in this area,
in particular when it comes to input-output motion synthesis
of rigid-body mechanisms [3] as well as optimal topological
synthesis of compliant static structures [4]. Despite these,
analytical approaches to the design of compliant actuators,
series elastic actuators [5], variable stiffness actuators [6],
and mechanisms capable of energy efficient stiffness modu-
lation [7]–[10] require a general mathematical formalization.
Even though some initiatives were established to provide
insight to the design of these actuators [11], [12], a com-
prehensive theoretical framework which could enable classi-
fication, a’priori evaluation, and prediction of the physical
features of these actuators, increasingly used in robot control
applications [13], has yet to be developed.

In this paper we propose an analytical approach to char-
acterize and design variable stiffness mechanisms. There are
two main ingredients to this approach: one is the mathe-
matical model of the potential energy function covering the
design space of compliant mechanisms (Section II), while
the other is given by user-defined design conditions to be
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satisfied by the actual mechanism (Section III). Imposition
of these user-defined design conditions on the general model
allows us to narrow down the design space to specific classes
of variable stiffness mechanisms (Section IV).

This approach (1) provides the mathematical definition of
the general class of variable stiffness mechanism (Section
IV-A), useful for computational enumeration and automatic
design of these mechanisms, and (2) leads to a distinctive
sub-class of these mechanisms (Section IV-B), enabling
infinite stiffness range using finite control forces [14], desir-
able when it comes to energy efficient stiffness modulation
in robot control applications. Within the above mentioned
sub-class of mechanisms, we identify a canonical variable
stiffness mechanism. This canonical mechanism possesses:
(a) linear relation between the input motor position and the
output motion under constant loading condition, (b) inverse
proportionality between the output stiffness and the input
motor position, and (c) constant motor force required to
change stiffness even under constant loading conditions. We
present a prototype of such canonical mechanism (Section
V) exhibiting all the above mentioned features, experimen-
tally demonstrating the utility of the analytical design study
presented in this paper.

II. MODEL OF VARIABLE STIFFNESS MECHANISMS

Variable stiffness actuators make use of two motor units
to adjust their force-deflection characteristic Fig. 1. These
actuators can provide output force, just like other non-
compliant and non-variable stiffness actuators, but they can
also provide concurrent control over the apparent output stiff-
ness kq (see Fig. 1). This is realized by a dedicated variable
stiffness mechanism (Fig. 1 dashed lines). By construction,
this mechanism makes use of an elastic element and a motor
unit which manipulates the apparent stiffness kq of the joint
by actively changing the mechanism’s non-linear kinematic
structure.
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Variable stiffness mechanism

Fig. 1. Schematic representation of a variable stiffness actuator. The dashed
lines label the variable stiffness mechanism. M’s denote the motor units at
the inputs, L denotes the external load at the output. x is the input position,
q denotes the output position, while kq is the output stiffness.

2017 IEEE International Conference on Robotics and Automation (ICRA)
Singapore, May 29 - June 3, 2017

978-1-5090-4633-1/17/$31.00 ©2017 IEEE 1241



Variable stiffness mechanisms can be fully described by
their potential energy function and their physical constraints
[13]. The potential energy function is defined by the kine-
matic design and the way the compliant element couples the
mechanism’s input x to its output q. On the other hand, the
constraints, limiting the motion, force and stiffness range of
the mechanism, originate from the geometry of the design as
well as the deformation and material limits of the compliant
element. In the following we provide a dimensionless math-
ematical representation of these mechanisms, including both
the potential energy function and the physical constraints.

(1) The potential energy function V is represented by the
following series:

V (q, x) =
+∞∑

m=−∞

+∞∑
n=−∞

Cm,nq
mxn, (1)

where (m,n) ∈ Z
2 denote the exponents of the polynomial

basis functions {qmxn} while Cm,n ∈ R are the constant
weights in their linear combination. The positive exponents
in the above series can be used to represent any analytic
potential energy function according to Taylor’s theorem [15].
The negative exponents extend this to a Laurent series repre-
sentation which is capable of capturing a more general class
of non-analytic functions [16]. This representation appears
to be mathematically complete when it comes to potential
energy functions of physically realizable mechanisms1. In
relation to a practical mechanical design, the polynomial
basis functions may be readily associated with the topology
of the mechanism (i.e., type of the mechanism) while the
constants Cm,n are defined by the geometric dimensions and
material properties of the design.

(2) The constraints imposed by the kinematic structure,
as well as the deformation and material limitations, define
the admissible space of the input and output positions. The
minimalistic dimensionless representation of this admissible
space is given by:

S = {(q, x) ∈ R
2 : q ∈ [−1, 1], x ∈ [0, 1], |q| ≤ qmax(x)}

(2)
where qmax(x) denotes the maximum deflection achievable at
the output due to the deformation limit of the elastic element
embedded in the mechanism. Similar to (1) we assume that
this deformation limit can be represented by:

qmax(x) =

+∞∑
p=−∞

cpx
p (3)

where cp ∈ R are constants. In relation to the mechanical
design, the exponents in this series are associated with the
topology of the design while the constants depend on the
size, material properties of the particular design realization.

Together, (1) and (3) provide a general representation
of variable stiffness mechanisms and is used here as an

1The above Laurent series (1) can be used to represent a wide class of
continuously differentiable potential energy functions. However, it is not
able to capture discontinuous functions, therefore it may be possible to
construct mechanisms that could not fit into this series representation on
some level of abstraction. At present, we are not aware of such mechanisms.

analytical model of a general mechanical design. Using this
model we are now in position to physically characterize
variable stiffness mechanisms. The quantities of interest are
the force Fq and the stiffness kq at the mechanism’s output,
and the force Fx at its input2. These three quantities are given
by:

Fq = −
∂V (q, x)

∂q
, kq =

∂2V (q, x)

∂q2
, Fx = −

∂V (q, x)

∂x
.

(4)
Using the proposed representation, we can define one of

the simplest potential energy functions by:

V (q, x) = C2,1q
2x. (5)

According to this function, the force at the output is given
by Fq = −2C2,1qx. With unit inertial load, this model leads
to a classical parametric oscillator: q̈+(2C2,1x)q = 0 where
the stiffness kq = 2C2,1x is linearly related to the position
of the stiffness adjusting motor x.

Another simple potential energy function of interest, which
will be later encountered in this work, is given by:

V (q, x) = C2,−1
q2

x
. (6)

As opposed to the above example, the force at the output
of this mechanism is given by Fq = −2C2,−1qx

−1. The
stiffness of this mechanism kq = 2C2,−1x

−1 is inversely
proportional to the position of the stiffness adjusting motor.
It becomes clear that this second model, which represents
a physically realizable design, requires the Laurent series
representation in (1).

In this section we have introduced an analytical represen-
tation of variable stiffness mechanisms. This representation
is general enough to capture mechanisms of different size,
mechanical design and topological structure. In the next
section we introduce a set of mathematical design conditions.
These conditions will be used to find analytical models of
variable stiffness mechanisms with user defined physical
features.

III. ANALYTICAL DESIGN CONDITIONS

In this section we propose six analytical conditions repre-
senting the desired physical properties of variable stiffness
mechanisms we wish to design. Each of these conditions
will restrict the general mathematical representation of the
potential energy function (1) and the constraint function
(3). In particular, the restrictions will define the exponents
(m,n, p) and the constants Cm,n which should be present
in the mathematical representation of a physically realizable
variable stiffness mechanism. Concatenation of these condi-
tions will enable us to analytically define important classes
of variable stiffness mechanisms in the next section.

2This input motor force is the one required to change the output stiffness
of the variable stiffness mechanism.
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A. Zero output force at the equilibrium

As in a typical spring, the output force Fq of the actuator
should be zero at the equilibrium position q = 0. This
condition should hold regardless of the mechanism’s stiffness
setting (i.e., regardless of the motor position x). This physical
feature is captured by the following analytical condition:

Fq(0, x) = −
∂V

∂q
(0, x) = 0, ∀x ∈ [0, 1]. (7)

Imposition of this condition onto the model of the variable
stiffness mechanism (1) leads to the following reduced set
of basis polynomials:

B1 = {qmxn} where (m,n) ∈
{
Z
2 : m ≥ 0,m �= 1

}
. (8)

According to this condition, the potential energy function
V (q, x) could only have positive exponents of the output
position (except the term that is linear with respect to this po-
sition). This condition already indicates that, when it comes
to the output position q, a Taylor series representation of
V (q, x) is sufficient to model variable stiffness mechanisms.

B. Symmetric output force–displacement relation

In a typical spring positive output deflection creates nega-
tive force while negative deflection creates positive force.
The underlying odd-symmetry of the force-displacement
characteristic is one of the main features of variable stiffness
mechanisms. The mathematical condition representing such
symmetric force-displacement characteristic is given by:

Fq(q, x) = −
∂V

∂q
(q, x) =

∂V

∂q
(−q, x) = −Fq(−q, x),

∀(q, x) ∈ S.

(9)

Application of this condition to the model of the variable
stiffness mechanism (1) leads to the following set of basis
polynomials:

B2 = {qmxn} where (m,n) ∈
{
Z
2 : m = 2k, k ∈ Z

}
.

(10)
This result asserts that the polynomial basis function used in
the potential energy function could only have even exponents
in the output position q.

C. Controllable output stiffness

The essential role of a variable stiffness mechanism is to
perform stiffness modulation. For this reason the apparent
stiffness at the output kq has to be controllable, throughout
the workspace, by changing the input position x. This feature
is represented by the following design condition:

∂kq

∂x
(q, x) =

∂

∂x

∂2V

∂q2
(q, x) �= 0, ∀(q, x) ∈ S. (11)

Together with (8) this condition3 asserts that it is necessary
and sufficient to have at least one term in the potential

3This condition must be valid at the equilibrium position (q = 0) but
alone it does not guarantee controllability of the stiffness at the equilibrium
position when m < 0, since in that case ∂kq/∂x|q=0 → ∞. However (8)
excludes negative exponents in the output position and as such it eliminates
this special case.

energy function which is quadratic with respect to the output
position and depends on the input position:

∃n �= 0 : C2,n �= 0. (12)

This condition does not have any effect on the basis set, in
the sense that it does not reduce the space of basis functions
as the previous two conditions did. Instead, this condition
defines a minimal requirement for the mathematical represen-
tation of variable stiffness mechanisms. In fact, this condition
is alone a necessary and sufficient condition for the design of
variable stiffness mechanisms. The two examples introduced
in the previous section i.e., (5) and (6) present mechanisms
that satisfy this condition. This condition is also satisfied by
all other variable stiffness mechanisms we know.

The first three conditions are respected by any variable
stiffness mechanism having symmetric force-deflection char-
acteristic. In the following we introduce three additional
design conditions, enabling large range stiffness modulation
with low motor force. This design feature is desirable when
the aim is to achieve intrinsically low power stiffness mod-
ulation in practical application [9], [14], [17].

D. Zero input force at the equilibrium position

Previous studies have demonstrated the possibility to de-
sign intrinsically energy efficient variable stiffness actuators
[7], [8], [11]. In these designs the force generated by the
elastic element onto the stiffness modulating motor remains
zero at the equilibrium position of the actuator. This design
feature can be imposed by the following mathematical con-
dition:

Fx(0, x) = −
∂V

∂x
(0, x) = 0, ∀x ∈ [0, 1]. (13)

Imposition of this condition onto the model of the mechanism
(1) leads to the following basis polynomials:

B4 = {qmxn} where (m,n) ∈
{
Z
2 : m > 0

}
∪
{
Z
2 : n = 0

}
.

(14)
Accordingly, the basis functions representing the potential
energy of the mechanism could come from two sets. One
of these sets only contains polynomials with strictly positive
exponents of the output position, while the other one can
contain terms that have arbitrary power of the output position
but without the presence of the input position.

E. Large output stiffness range

The range of output stiffness is one of the main character-
istics of variable stiffness mechanisms. One way to achieve
large stiffness range is to design the mechanism in such
a way that it can reach infinite stiffness i.e., capable of
emulating a rigid joint. The corresponding condition is given
by:

max
(q,x)∈S

kq(q, x) = max
(q,x)∈S

∂2V

∂q2
(q, x) =∞. (15)

Imposition of this constraint on the model of the mechanism
(1) leads to the following existence condition:

∃(m,n) ∈
{
Z
2 : m �= 0,m �= 1, n < 0

}
: Cm,n �= 0. (16)
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According to this condition, it is necessary and sufficient
to have at least one term, in the series expansion of the
potential energy function, which is inversely proportional
to the input position and has non-linear dependency on the
output position. Clearly, this will make the stiffness tend to
infinity as the input position tends to zero: limx→0 kq =∞.

F. Low input motor force

While the stiffness tends to infinity, the input motor force
could also reach high – theoretically infinite – values even if
the mechanism is operated within its admissible workspace
(2). In order to ensure that the mechanism is not subject to
such an undesirable feature, one may impose the following
inequality constraint:

max
(q,x)∈S

Fx(q, x) <∞. (17)

Assuming that p is positive4, this inequality defines the
polynomial basis functions in the constraint (3):

B6 = {xp} where p ∈ {Z : n = 0} ∪ {Z : mpmin ≥ 1− n} ,

∀(m,n) ∈
{
Z
2 : Cm,n �= 0

}
and pmin = min

p∈{Z:cp �=0}
p.

(18)

Depending on the terms in the potential energy function
{qmxn}, the series representation of the constraint (3) can
either be arbitrary when n = 0 or can only contain terms
{xp} with integer exponents equal or larger than p ≥ 1−n

m
.

While the previous design constraints define the basis
of the potential energy function, the last constraint defines
the basis functions representing the physical limitation of
the compliant mechanism. The coupling between the elastic
properties of the actuator and its physical limitations be-
comes apparent through this last condition. It turns out that
this coupling plays a key role in the design of mechanisms
capable of large range stiffness modulation using low control
forces. This will be more directly shown in the next section.

IV. ANALYTICAL DESIGN

In this section we define classes of variable stiffness
mechanisms which satisfy the analytical conditions stated
above. We do this by simultaneously imposing the above
conditions (8), (10), (12), (14), (16) and (18) on the original
model (1) and (3) introduced in Section II. We use this
approach to define: (A) a general class of variable stiffness
mechanisms which covers mechanisms with symmetric out-
put force-displacement characteristic, (B) a subclass of these
mechanisms which enable infinite range stiffness modulation
using finite input forces, and (C) two types of mechanisms
within the above sub-class; one enabling infinite stiffness
setting with nonzero but bounded input force, while the other
enabling the same behaviour with zero input force.

4This ensures that the output position tends to zero when the stiffness is
infinite.

A. Variable stiffness mechanisms

The first three conditions (8), (10) and (12), introduced in
Sections III-A–III-C, are conditions satisfied by any variable
stiffness mechanism having symmetric force-deflection char-
acteristic. These conditions lead to the following polynomial
basis functions:

Bvsm
V = B1 ∩ B2 = {qmxn}

where (m,n) ∈
{
Z
2 : m = 2k, k ∈ N

} (19)

and an additional existence condition:

∃n �= 0 : C2,n �= 0. (20)

According to (19) and (20), a potential energy function of
variable stiffness mechanisms composed of several low order
terms, can be given by:

V (q, x) = C0,0 + C0,1x+ C2,1q
2x. (21)

Here negative exponents in the output position q cannot be
present in (21) but negative exponents in the input position
x can be present, according to the above two conditions.

B. Definition of the new class of mechanism

In the previous subsection we mathematically defined a
general class of variable stiffness mechanisms. Here we aim
to find a sub-class of these mechanisms characterized by
infinite range stiffness modulation with finite input forces
[14]. In order to mathematically define this sub-class, we
impose all six conditions, presented in the previous section,
on the general model (1)–(3). These conditions lead to the
following basis functions of the potential energy:

B0
V = B1 ∩ B2 ∩ B4 = {qmxn}, (22)

where (m,n) ∈
{
Z
2 : m = 2k, k ∈ N, k �= 0

}
∪ (0, 0)

together with the additional necessary conditions:

∃n �= 0 : C2,n �= 0,

∃(m,n) ∈
{
Z
2 : n < 0

}
: Cm,n �= 0.

(23)

Furthermore, the set of basis functions representing the
physical constraint is given by:

B0
q = {xp}, where p ∈

{
Z : pmin ≥

1− n

m

}
, (24)

∀(m,n) ∈
{
Z
2 : Cm,n �= 0

}
and pmin = min

p∈{Z:cp �=0}
p.

Using these conditions we can now define a canonical
variable stiffness mechanism. The model of this mechanism
is defined by the lowest order and least number of basis terms
which respect the conditions (22)–(24) presented above:

V (q, x) = C2,−1
q2

x
and qmax(x) = c1x. (25)

Compared to (21), where V (q, x) does not necessarily con-
tain terms with negative exponents in x, here at least one
such term must be present. Also, while the basis functions
representing the general class of variable stiffness mecha-
nisms (19)-(20) do not define the constraint (3), here the
constraint is defined.
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C. Two distinct types of variable stiffness mechanisms

One important characteristic of this new class of mech-
anisms is the bounded input force Fx, as defined by (17).
However, even within all mechanisms that are designed to
possess bounded input force, two distinct types of mecha-
nisms can be identified.

In order to show this, let us examine the behaviour of the
input force on the boundary of the feasible set q = qmax(x)
close to the point where the mechanism displays infinite
stiffness (i.e., x→ 0):

Fx(qmax(x), x)|x≈0 ≈ nCm,nc
m

pmin
xmpmin+n−1

where pminm+ n− 1 ≥ 0 ∀(m,n) ∈
{
Z
2 : Cm,n �= 0

}
.

(26)

The separation between the two different types of mech-
anisms is decided by the exponent in the above asymptotic
expansion. In particular: (1) if a triplet (m,n, pmin) exists
such that mpmin + n − 1 = 0, the input force will tend to
a non-zero constant value Fx(qmax(x), x)|x→0 = nCm,nc

m

pmin

as the stiffness tends to infinity, on the other hand (2) if
mpmin + n − 1 > 0 then the input force will depend on
x, and will tend to zero as the stiffness tends to infinity
Fx(qmax(x), x)|x→0 = 0. This second type of mechanisms
may approach infinite stiffness while no load is felt by the
stiffness tuning motor.

There has been previous designs that belong to the first
type of mechanisms. Examples of these designs are the
variable stiffness torsion-cylinder mechanisms [18] – where
V ∝ q2/x and qmax(x) ∝ x – and the variable stiffness leaf-
spring mechanism [9] – where V ∝ q2/x3 and qmax(x) ∝ x2.
However, we are not aware of previous designs which belong
to the mechanisms of the second type. Nonetheless the above
analytical relation (26) may shed light on how to design one
such variable stiffness mechanism.

V. IMPLEMENTATION OF THE CANONICAL MECHANISM

In this section we present a practical realization of the
above defined canonical mechanism (25). In addition, we
report experimental data verifying the previously defined
analytical design features of this mechanism.

A. Variable stiffness mechanism

Figure 2a shows a canonical variable stiffness mechanism.
In our realization5, this device is composed by a torsional
leaf-spring, a drive train which modulates the active length
of the spring, and an output shaft coupled to the spring.
The drive train changes the active length of the spring via
a linearly actuated slider. This changes the stiffness at the
output shaft.

The potential energy function and the deformation limit
at the output shaft on this variable stiffness mechanism are
given by:

V (q, x) =
kah3G

2

q2

x
and qmax(x) =

σy

hG
x (27)

5The physical realization of this mechanism is not unique i.e., there are
different ways to realize a canonical mechanism as defined by (25). In this
section we present one such realization.

where6 q ∈ [−qmax, qmax] is the output position, x ∈ [0, L] is
the input position, L is the total length of the spring, G is
the modulus of torsional rigidity, a and h are the width and
the height of the torsional leaf-spring, k ≈ 1/3 (for a/h >
10) is a geometric correction factor of a torsionally loaded
rectangular leaf-spring [19] while σy is the yield strength of
the spring.

In this mechanism, the motor position input x is directly
related to the effective length of the spring. This leads to the
previously identified inverse relation between the length of
the spring and the output stiffness:

kq = kah3G
1

x
. (28)

Also, the maximum deflection at the output link qmax(x)
depends linearly on the motor position (27). Accordingly,
the present design exhibits both of the characteristics of the
above defined canonical variable stiffness design (25).

q

x

Fig. 2. Variable stiffness mechanism. From top to bottom, the figure shows:
a,b) the device, c) the electronic control interface and d) the output pulley.

Control over the output stiffness, or more directly, the
effective length of the torsional leaf-spring (20mm wide,
1mm thick full hard 301 stainless steel leaf) is realized by a
Maxon ball-screw (10mm x 2mm pitch) driven by a brush-
less DC motor (Maxon EC-i 50W) coupled to a back-drivable
planetary gearbox (4.8:1 gear ratio). The active length of the

6In this model q and x represent quantities with physical dimensions.
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spring is determined by a quadrature encoder. During the
experiments, the supply current is measured. This current
measurement is used to estimate the input forces required
to change the length of the torsional leaf-spring. The spring
is connected to the output shaft via a 2:1 gear reduction.
The angular deflection of the output shaft is determined
by a rotary encoder. Closed-loop motor position control is
implemented using the signal provided by the motor encoder.
The motor is driven by a Maxon ESCON 50V/5A 4-Q driver
while the entire system is operated at 500Hz by a micro-
controller.

B. Experiment

In this section we present the experimental data charac-
terizing the relation between the output stiffness and the
input motor force on this variable stiffness mechanism. The
data will be used to evaluate two design conditions, namely
one that asserts high stiffness range (15) and another which
indicates finite motor force irrespective of the stiffness setting
(17).

At the start of the experiment, the mechanism was set
to its minimum stiffness which corresponds to the largest
active length of the spring x = L = 90 mm. The motor
was driven with low constant speeds ẋ ≈ 0.002 m/s until
the active length of the spring reached its minimum length
while the output stiffness reached its maximum value. During
this quasi-static stiffness change, the output shaft was loaded
such that a constant torque of M = 2.25 Nm was exerted
on the spring i.e., the mechanism is operated away from its
equilibrium configuration. The input motor force required
for stiffness modulation Fx was found directly through the
power supply voltage and current used to drive the motor at
constant speed.

Figure 3 shows the measured output deflection q, the
output stiffness kq, and the input motor force Fx as functions
of the input position x under constant external torque (i.e.,
M = 2.25 Nm). At the start of the experiment the stiffness
was at its minimum value (the input position was set to its
maximum value x = 90 mm). Throughout the experiment,
the deflection of the spring decreased in a linear fashion
q ∝ x due to the increase in stiffness, similar to the analytical
model (Fig. 3a). As the length of the spring decreased from
its maximum to its minimum, the stiffness increased as
predicted by the theoretical model (Fig. 3b). During this
transition, the input force is not only finite but it is nearly
constant as predicted by the theoretical model (Fig. 3c),
albeit the experimental value was found to be larger than the
theoretical one. The performance of the device corroborates
well with the analytical design conditions, showing high
stiffness range (15) and finite input force (17). The proto-
type adequately represents the canonical variable stiffness
mechanism.

VI. CONCLUSION

This paper introduces an analytical approach for the
design of variable stiffness mechanisms. The basis of this
approach is a general model – representing the potential

Fig. 3. Experimental data. a) Deflection angle versus input position. b)
Stiffness versus input position. c) Input force versus input position. The
data is collected throughout ten experiments (gray). The mean of the data
is shown with dashed black lines. The error bars indicate two standard
deviation. The prediction of the model (solid blue lines) is shown in the
same plots. Due to the particular design realization the minimum value of
x is 15 mm on this prototype.

energy function and the physical constraints – covering the
design space of variable stiffness mechanisms. Using this
model, we present a systematic procedure to define classes
of variable stiffness mechanisms from first principles. The
proposed approach may help addressing non-intuitive design
problems; those that had been long identified challenging to
treat using experience based approaches.
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