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Positive–Negative Stiffness Actuators
David J. Braun , Member, IEEE, Vincent Chalvet , and Abhinav Dahiya

Abstract—Compliant actuators are typically designed to possess a tunable positive stiffness characteristic in order to generate
restoring force upon displacement. These actuators either require
two independent motor units or closed-loop control to change both
their equilibrium position and output stiffness. The introduction
of negative stiffness, in combination with tunable positive stiffness,
may reduce the complexity and extend the capability of these actuators in unexpected ways. In this paper, we present a compliant
actuator that employs a passive negative stiffness mechanism in
conjunction with an effectively tunable positive stiffness mechanism. We show that such actuator enables open-loop stiffness
modulation and equilibrium position control using a single motor
unit, as opposed to more conventional variable stiffness and series
elastic actuators. The paper presents the theoretical foundation of
positive-negative stiffness actuators and demonstrates low-power
stiffness modulation and equilibrium position control achievable
with a prototype positive-negative stiffness actuator.
Index Terms—Compliant actuators, negative stiffness mechanisms.

I. INTRODUCTION
OMPLIANT actuators are commonly used to perform
equilibrium position control for interaction-free manipulation, and stiffness modulation for safe human–robot [1], and
stable robot–environment interaction [2]. In particular, series
elastic actuators (SEAs) [3] use a single motor unit with feedback to simultaneously control the stiffness and the equilibrium
position, while variable stiffness actuators (VSAs) [4], [5] use
two separate motor units without feedback to achieve the same
control capability. These actuators have been used in diverse
applications, including human assistance and augmentation [6]
and to drive complex biologically inspired robots [7].
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One of the main features of series elastic and variable stiffness
actuators is the tunable positive stiffness that leads to a unique
stable equilibrium position. Owing to this property, the actuator
behaves similar to a helical spring [8], or a biological joint [9],
as it tends to return back to its equilibrium position upon displacement. While this seems to be a desirable property, it limits
the design space of most typical compliant actuators because
positive stiffness actuators require two motor units or output
position feedback to provide simultaneous equilibrium position
control and stiffness modulation. It is known that output feedback can severely limit the achievable stiffness of SEAs [10],
and also that the use of two motor units complicates the design
of VSAs. Therefore, it may be promising to look for a new type
of compliant actuator, one that may alleviate the above mentioned limitations, while still providing adequate control over
the equilibrium position and the stiffness, which are both useful
for robot control applications.
In this paper, we propose a new type of tunable positive–
negative stiffness actuator (PNSA). This actuator combines a
tunable positive-stiffness mechanism acting in parallel with a
passive negative stiffness mechanism. The negative stiffness
mechanism moves the actuator away from its equilibrium configuration, while the positive stiffness mechanism moves it back
toward the equilibrium configuration. Depending on the two
constituent mechanisms, the actuator can possess a large range
of stiffness values, starting from finite negative stiffness and
theoretically reaching up to positive infinity. Such a wide-range
tunable PNSA has the following two distinct modes of operation: 1) stiffness modulation at its natural equilibrium configuration, and 2) equilibrium position control away from its natural
equilibrium configuration. These two operation modes can be
achieved using a single motor and without feedback of the output position. The same is not possible on more conventional
SEAs and VSAs, even if one aims to separately modulate the
equilibrium position and stiffness during the motion.
Passively or actively tunable negative stiffness mechanisms
have been used in several previous designs [11]–[14]. The elastic element and key component in these designs is a buckling
beam. By applying a large enough compressive force, negative
stiffness is generated in the lateral direction of the beam. This
leads to an instability phenomenon known as Euler’s buckling
[15]. In order to generate the compressive force, these designs
use electric motors or piezoelectric actuators as force generators
in the load path. Maintaining or changing the negative stiffness
in this way requires large force and nonzero power. The actuator
we propose has a fundamentally different means to maintain and
change the negative stiffness. Namely, instead of actively generating the negative stiffness by a large control force, we employ
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a passive negative stiffness mechanism, which does not require
any control force [16], [17]. This allows us to displace the motor
from the load path, and to replace a tunable negative stiffness
mechanism that requires large motor force with a tunable positive stiffness mechanism, which requires a comparatively low
motor force [18]–[20]. As a result, the actuator can significantly
reduce the power required to change the negative stiffness, even
when it is externally loaded and displaced from its equilibrium
position.
The proposed actuator is similar to some of the recently developed clutch-based actuators [22], [23] in that, it can modulate
both the stiffness and the equilibrium position using a single motor. However, unlike designs that employ a controllable clutch to
switch between these two modes of operation, the proposed actuator relies on nonlinearity induced bifurcation. In particular, the
motor unit can be used to switch between equilibrium position
control and stiffness modulation as the stiffness of the actuator
passes through zero during the motion. This bifurcation-based
switching is used to eliminate a controllable clutch from the
proposed actuator.
In our previous work [17], we presented the design of a PNSA.
In this paper, we, first, outline the theoretical foundation of the
new class of PNSAs, and second, we present a detailed modeling, analysis, and experimental characterization of a prototype
positive-negative stiffness actuator. The proposed actuation concept extends our previous work on low-power stiffness modulation [18]–[21] in an unexpected way by introducing effectively
tunable negative stiffness as a novel means of actuation.
In Section II, we present a brief review of the mathematical
design conditions that characterize SEAs and VSAs. Section III
introduces the class of PNSAs. This section contains a set of analytical conditions that can be used to define, identify, or design
PNSAs. A prototype PNSA is presented in Section IV, together
with its mathematical model and experiential characterization.
Finally, in Section V, we present experimental data demonstrating wide-range stiffness and equilibrium position modulation
achievable with the proposed PNSA.
II. COMPLIANT ACTUATORS
Variable stiffness actuators and series elastic actuators are
typical positive stiffness actuators. In this section, we revisit
the main design features of these positive stiffness actuators,
including the means by which they enable equilibrium position
and stiffness modulation. This analysis leads to a new class of
compliant actuators which provide, first, design simplification
compared to previously designed VSAs, and second, intrinsically stable open-loop stiffness modulation unlike similarly
complex SEAs.
A. Variable Stiffness Actuators
Variable stiffness actuators [23]–[32] employ an elastic element (spring) to couple the position at the actuator’s output
q with two motor positions qm = [qm 1 , qm 2 ] at the actuator’s
input, see Fig. 1. Although, VSAs could be designed differently,
all of them can be represented by a unified mathematical model.
In this paper, we present and analyze this unified model.

Fig. 1. Minimalistic model of a VSA. In this model, q is the output position
while q m = [qm 1 , qm 2 ] are the motor positions.

The dynamics of the actuator’s output and the closed-loop
dynamics of the motor position inputs are given by the following
two equations:
q̈ + β q̇ = fa (q, qm ),
2

(1)
2

q̈m + 2αq̇m + α qm = α u(t)

(2)

where β > 0 is the damping at the output, fa (q, qm ) is the force
at the output, α > 0 defines the closed-loop bandwidth of the
motor dynamics while u = [u1 , u2 ] are the control inputs.
Using the control inputs one can change the motor positions.
This may be best illustrated by noting that qm = u under steadystate conditions. Also, by changing the motor positions qm one
can modulate the output equilibrium position
q ∗ = q ∗ (qm ) ∈ {q ∗ ∈ R : fa (q ∗ , qm ) = 0, qm ∈ R2 }

(3)

under the following analytical design condition:
∂fa (q ∗ , qm )
= 0.
∂qm
According to the implicit function theorem [33], existence
of an equilibrium necessitates ∂fa (q, qm )/∂q|q =q ∗ (q m ) = 0,
while uniqueness and stability of the equilibrium requires that
the actuator is characterized by a restoring force–deflection
relation for any fixed motor position, i.e., fa (q ∗ + δq, qm ) ≈
−ka (q ∗ , qm )δq, where the stiffness is strictly positive
∂fa (q, qm ) 
> 0.
(4)
ka (q ∗ , qm ) = −
 ∗
q =q (q m )
∂q
The above definition (3) suggests that it may be possible to
have the same output equilibrium position using different motor
positions. This requires the following linear equation to have
nontrivial solutions:
∂fa (q ∗ , qm ) 
fa (q ∗ , q∗m + δqm ) ≈
δqm = 0.

q m =q ∗m
∂qm
Existence of the nontrivial solution is assured under the following analytical condition:

+ 

∂fa
∂fa
I2×2 −
= 0.
(5)
∂qm
∂qm
This is only a necessary condition to change the stiffness independent of the equilibrium position. Indeed, modulation of
the stiffness using the motor positions, δka (q ∗ , qm + δqm ) ≈
[∂ka (q ∗ , qm )/∂qm ]δqm , requires ∂ka (q ∗ , qm )/∂qm = 0. As
such, independent control of the stiffness and the equilibrium
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position can only be assured by the following sufficient
condition1 [7]:


+ 


∂fa
∂fa
∂ka
I2×2 −
= 0.
(6)
∂qm
∂qm
∂qm
One of the simplest models that is consistent with the above
conditions is defined by the following relation:
fa (q, qm ) = −(k0 + k1 q2m )(q − q1m ).

(7)

Fig. 2. Minimalistic model of a SEA. In this model, q is the output position
while qm is the motor position.

In this model, the equilibrium position is directly defined by the
first motor, i.e., q1m , while the stiffness at the equilibrium is
controllable by the second motor q2m

only one motor position input qm , which can be used for openloop control of a unique and stable ∂fa (q, qm )/∂q|q =q ∗ (q m ) > 0
equilibrium position

q ∗ = q1m and ka (q2m ) = k0 + k1 q2m .

q ∗ = q ∗ (qm ) ∈ {q ∗ ∈ R : fa (q ∗ , qm ) = 0, qm ∈ R}

(8)

Given a unit step input
u(t) = 1(t)[qd∗ , (kd∗ − k0 )/k1 ]

(9)

(where qd∗ is the desired equilibrium and kd∗ is the desired stiffness), the equilibrium position and the stiffness change in the
following way:

given the following design condition: ∂fa (q ∗ , qm )/∂qm = 0.
However, unlike the stiffness of an open-loop controlled VSA
(4), the stiffness of a closed-loop controlled SEA is given by the
following relation:
∂fa (q, qm ) 
∂fa (q ∗ , qm ) ∂qm
ka (q ∗ , qm ) = −
(12)
 ∗−
q =q
∂q
∂qm
∂q

q ∗ (t) = qd∗ − (1 + αt)e−α t qd∗

k aOL

ka (t) = kd∗ − (1 + αt)e−α t (kd∗ − k0 ).
According to (8), the equilibrium position and the stiffness
algebraically depend on the motor positions and as such control
over these two modalities can be realized without using feedback
from the output position, see (9). In order to achieve this, VSAs
require (at least) two independent motor inputs as implied by
(5). However, two motors make these actuators more complex,
larger, and heavier, compared to actuators that require only one
motor. Also, the introduction of the second motor could increase
the energy required by the actuator.
In many practical applications, it may be desirable to eliminate one of the motors, to reduce the complexity of VSAs,
but without giving up the ability to control both the stiffness
and the equilibrium position. One way to do this is to employ
closed-loop control using a simpler SEA.

where the first term represents the open-loop stiffness kaOL , while
second term is the closed-loop stiffness kaCL .
For a given equilibrium position q ∗ , the motor position qm
and the open-loop stiffness kaOL are both fixed for any single
valued, linear or nonlinear, function fa (q, qm ). Consequently,
the apparent output stiffness of the actuator can only be changed
through the second term in (12) if output position feedback is
present in the control law u = u(t, q). This assertion may be best
exemplified by noting that ∂qm /∂q = ∂u(t, q)/∂q in a steadystate condition. Accordingly, modulating the output position
gain in the control law—∂u/∂q—by software control can be
used to modulate the output stiffness of the actuator.
A minimalistic model of a SEA (see Fig. 2), and the simplest
control law2 set to achieve a desired equilibrium position and
stiffness, are given by:
fa (q, qm ) = −k0 (q − qm ),

B. Series Elastic Actuators
Series elastic actuators [3] permit a simpler design realization
compared to VSAs, see Fig. 2. The closed-loop behavior of
SEAs can be understood using the following model:
q̈ + β q̇ = fa (q, qm ),

(10)

q̈m + 2αq̇m + α2 qm = α2 u(t, q)

(11)

u(t, q) = q − k0−1 1(t)kd∗ (q − 1(t)qd∗ ).

may be shown that a typical antagonistic actuator equipped with two
motor units and two linear springs satisfies the above-mentioned necessary
condition (5), but does not satisfy the sufficiency condition (6) because it does
not provide control over the output stiffness. It can be also shown that the same
actuator equipped with nonlinear springs having quadratic force–displacement
characteristic does satisfy the sufficiency condition (6) and is known to allow
independent control over the stiffness and the equilibrium position [27].

(13)
(14)

Just like in VSAs (7), the equilibrium position here is defined
by the motor positions (13), but unlike in VSAs, the stiffness at
the equilibrium now depends on the control law (14). Despite
this difference, the equilibrium position and the stiffness can be
controlled in the very same way as on the previously discussed
VSA:

where the first equation describes the dynamics at the output
while the second equation represents the closed-loop dynamics
of the motor. Compared to VSAs (1) and (2), here, there is
1 It

k aCL

q ∗ (t) = qd∗ − (1 + αt)e−α t qd∗ ,
ka (t) = kd∗ − (1 + αt)e−α t (kd∗ − k0 ).
According to these relations, it appears that there is no difference
between SEAs and VSAs when it comes to equilibrium position
and stiffness modulation. This assertion is however misleading.
The reason is that the introduction of output feedback in the
2 This

is the “simple impedance controller” proposed by Hogan [2].
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Compared to VSAs, (1) and (2), there is only one motor here qm
while compared to SEAs, (10) and (11), the controller does not
involve feedback from the output position. On positive-stiffness
SEAs these features imply that only the equilibrium position
can be controlled. On the contrary, PNSAs have one equilibrium
position q0∗ at which the stiffness is also controllable. This added
feature necessitates the following analytical conditions:
∃q ∗ = q0∗ such that ∀qm : C.1
C.2
Fig. 3. Minimalistic model of a PNSA. In this model, q is the output position
while qm is the motor position.

control law (14) makes SEAs vulnerable to instability [10], [34].
This may be best exemplified by noting that a desired stiffness
kd∗ that can be stably realized on SEAs must obey the following
condition:
0 < kd∗ ≤

(αβ + 2k0 )(2α(α + β)2 + βk0 )
α(2α + β)2

(15)

in case of an interaction-free manipulation, and
1
0 < kd∗ ≤ k0 + αβ
2

(16)

when the output is in contact with a passive environment. The
first condition (15) is required to ensure stability when the system does not interact with the environment—for example, during the swing phase in locomotion assisted by prosthetic limb
driven by a SEA—while the second condition (16) is required
to ensures that the system does not go unstable while interacting with a passive environment—for example, during the stance
phase in locomotion. If the former condition is not respected
then the desired stiffness kd∗ will not be achieved. If the latter
condition is not respected then the actuator could become unstable upon interaction with a passive environment. Although
there are sophisticated controllers that can extend the stiffness
modulation capabilities of SEAs, they are subject to similar
stiffness range limitations. Thus, due to the output feedback in
the control law, the desired stiffness is limited if the stability of
the closed-loop system is to be preserved.
Performing an inherently stable open-loop stiffness modulation, similar to VSAs, using a single motor unit, similar to
SEAs, may be desirable in practical applications. In the following, we present a novel actuator that may comply with these
requirements.
III. POSITIVE–NEGATIVE STIFFNESS ACTUATORS
We propose a new type of PNSA with the aim to achieve both
equilibrium position control and stiffness modulation using a
single motor and without closed-loop output position control. A
schematic representation of this actuator is depicted in Fig. 3.
The mathematical model of the actuator is given by:
q̈ + β q̇ = fa (q, qm ),
q̈m + 2αq̇m + α2 qm = α2 u(t).

fa (q0∗ , qm ) = 0,
∂ka (q0∗ , qm )
> 0.
∂qm

The first condition defines the trivial equilibrium position q0∗
and indicates independence of the output force from the motor
position. The second condition asserts controllable stiffness at
the equilibrium position q0∗ . This second condition also implies
that the stiffness is a monotonically increasing function of the
motor position.3
Control over an equilibrium position, e.g., q0∗ , is not possible
if the actuator is stable at that particular position. However,
control over q0∗ may be achieved if the actuator is made unstable
at that position. This requires the following equation to have
nontrivial solutions:
∗
∗
) ≈ −ka (q0∗ , qm
)δq +
fa (q0∗ + δq, qm

∗
) 3
1 ∂ 3 fa (q0∗ , qm
δq = 0.
3
6
∂q

Existence of a nontrivial solution to the above equation asserts
two new analytical conditions:
C.3

∃qm 0 such that ∀qm < qm 0 : ka (q0∗ , qm ) < 0,

C.4

∀qm < qm 0 :

∂ 3 fa (q0∗ , qm )
< 0.
∂q 3

The former condition means that the actuator has negative stiffness at the natural equilibrium position q0∗ for a certain range of
motor positions, while the latter condition implies that the actuator has a softening nonlinear force–deflection characteristic
for the same range of motor positions.
Under the above conditions, i.e., C.1–C.4, there are two distinct operation modes of the actuator: 1) when the stiffness is
positive ka (q0∗ , qm > qm 0 ) > 0 the actuator has a single stable equilibrium position q0∗ and 2) when the stiffness is negative ka (q0∗ , qm < qm 0 ) < 0 the actuator has three equilibrium
positions.4 These are the natural equilibrium at q0∗ , which is now
unstable, and two new equilibriums, which are stable:
 12
∗ −1
√  ∂ 3 fa (q0∗ , qm
)
∗
∗
∗ ∗
q± = q0 ± 6
ka (q0 , qm ) .
∂q 3
Given that the stiffness is a continuous function of the motor position, the nontrivial equilibrium positions are also continuous
3 With no restriction on generality, we may also assume that the stiffness is
a monotonically decreasing function of the motor position. This is because,
by changing the assumed positive direction of the motor position qm one can
convert a monotonically decreasing stiffness function to an equivalent monotonically increasing one.
4 When the stiffness is zero k (q ∗ , q
a 0 m = q m 0 ) = 0, the actuator goes
through bifurcation, which is a transition between the above mentioned two
qualitatively different operation modes.
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with respect to the motor position. This shows controllabil∗
using the motor
ity of the nontrivial equilibrium positions q±
position qm .
In order to demonstrate the working principle of a PNSA, we
will now consider a minimalistic model
fa (q, qm ) = −(k0 + k1 qm )q + k3 q 3
where k0 < 0 represents the negative stiffness, k1 qm denotes the
controllable positive stiffness (k1 > 0) while k3 < 0 represents
the softening nonlinearity. The nonlinear term is typical, it resembles the odd symmetry in a general passive force–deflection
relation fa (q, qm ) = −fa (−q, qm ).
Based on the above model, the actuator has the following two
distinct modes of operation:
I) When the stiffness at the origin (q = 0) is positive, the
actuator has a stable trivial equilibrium position (q0∗ = 0).
At this equilibrium position, the stiffness can be changed
by varying the motor position:

q ∗ = q0∗ = 0
∀qm ≥ qm 0 = −k0 /k1 :
ka (0, qm ) = k0 + k1 qm .
II) When the stiffness at the origin is negative, the actuator
has two nontrivial equilibrium positions, which can be
controlled using the motor position:
∀qm < qm 0 = −k0 /k1 :
⎧

1
⎪
k0 + k1 qm 2
⎨ ∗
q± (qm ) = ±
k3
⎪
⎩
ka (q, qm ) = k0 + k1 qm + 3k3 q 2 .
Thus, depending on the motor position qm , the actuator could
be in the I) stiffness modulation mode at the trivial equilibrium position q0∗ = 0, or in the II) equilibrium control mode at
∗
= 0. In the latter case, prefone of its nontrivial equilibria q±
∗
> 0,
erence toward a particular equilibrium position, e.g., q+
can be ensured by introducing a small “design imperfection”
that deliberately breaks the perfect symmetry assumption, i.e.,
fa (q, qm ) ≈ −fa (−q, qm ) [35]. Alternatively, the nontrivial solution can also be made unique by designing a unilateral actuator, i.e., q ≥ 0. In the next section, we use both of these features
to present a compliant unilateral robot knee joint that employs
positive–negative stiffness actuation.
IV. REALIZATION OF THE PNSA
The analytical conditions, C.1–C.4, listed in the previous section, represent a set of conditions for the design of PNSAs.
However, these conditions do not provide a guideline to design
one such actuator. Nevertheless, the idea to design PNSAs is
relatively simple, namely one can use a controllable positive
stiffness system in conjunction with a passive negative stiffness
system, connected in parallel to the same output link.
Figure 4(a) shows one such realization where a variable length
positive stiffness leaf-spring mechanism (see Fig. 4(b) blue and
green) is connected in parallel with a passive negative stiffness
compression spring mechanism, see Fig. 4(b) red.

Fig. 4. Positive–negative stiffness actuator. (a) Hardware implementation.
(b) Schematic representation.

The design, characterization, and the working principle of the
two separate mechanisms, and the composite mechanism, are
detailed in Sections IV-A, IV-B, and IV-C.
A. Positive Stiffness Mechanism
The positive stiffness mechanism (see Fig. 5(a)) is a modified
version of our previous design [18]. The main component of this
mechanism is a variable-length leaf-spring shown in Fig. 5(a).
This mechanism is composed of an output link OA, a rigid
connector link AB, a leaf-spring (blue) and a position controlled
slider. The leaf spring is rigidly connected to the connector link
at point B and is attached to the extension spring (green) at the
other end. The modification with respect to our previous design
concerns the green extension spring. This extension spring is
used to tune the passive force–deflection characteristic of the
device; it extends the positive stiffness operation range of this
design.
Using the Bernoulli–Euler beam theory [36], the nonlinear
model of the positive stiffness mechanism is given by the following equations:


EI θ L
dθ

,
(17)
L=
2 0
f (ML , Fy , Fx , θ, θL )


EI θ L
cos (θ)dθ

,
(18)
xL =
2 0
f (ML , Fy , Fx , θ, θL )


EI θ L
sin (θ)dθ

(19)
yL =
2 0
f (ML , Fy , Fx , θ, θL )
where L is the active length of the deformed leaf-spring,
(xL , yL ) denotes the end point B of the leaf-spring, θL is the
M2
deflection angle at point B while f = 2ELI + Fy [sin (θL ) −
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Finally the static force experienced by the motor Fm is defined
by the following equation [37]:
Fm =

(ML + Fy xL − Fx yL )2
= Fe − Fx
2EI

(21)

where Fe = Fe0 + ke (L + a(1 − cos q) − xL ) is the force generated by the extension spring attached to the free end of the
leaf spring. In the latter relation, ke is the spring stiffness while
Fe0 is the force used to pretension the spring.
Using (17)–(21) one can numerically compute the output
torque of the positive-stiffness mechanism as a function of the
link angle q and the motor position qm
fI (q, qm ) = −Fy (q, qm )a cos q − Fx (q, qm )a sin q.
The numerically computed torque–deflection curves are shown
in Fig. 5(c) (black lines) for different values of the motor position. Comparison with the experimental data (see Fig. 5(c) blue
markers) shows the predictive power of the nonlinear model.
Assuming small deformations, an approximate analytical
model of the same torque–deflection relation is given by
fI (q, qm ) ≈ −kI1 (qm )q + kI3 (qm )q 3

(22)

where kI1 (qm ) is given in (23) while kI3 (qm ) is given in the
Appendix. This expression provides a reasonably good approximation of the experimental data near to the trivial equilibrium
of the positive stiffness mechanism (see Fig. 5(c) gray lines).
The stiffness of this mechanism
 2
a
L0
3EI
kI1 (qm ) = aFe0 +

3  3 (23)
L0
1 + Le0 − qm − Le0
Fig. 5. (a) Positive-stiffness mechanism composed of leaf-springs and extension springs. (b) Details of the leaf-spring design. The prototype employs
two stacks of 20 mm wide and 10 mm thick leaf-springs. These springs are
made of 1 mm and 0.5 mm thick spring steel plates. The effective length of
these plates is L 0 = 77 mm. The total area moment of inertia of the leaf-spring
stack is I = 11.6 × 10−1 2 m4 . The Young modulus of the spring steel material
is E = 200 × 109 N/m2 . There are also two extension springs (green) in this
design. The stiffness of these two springs is k e = 1360 N/m. These springs are
pre-extended by Fe 0 ≈ 70 N force. (c) Moment–deflection relation. The predictions of the nonlinear model are shown with solid black lines. The predictions of
the approximate analytical model are shown with gray lines. The experimental
data are shown with blue markers.

sin (θ)] + Fx [cos (θL ) − cos (θ)] and ML = eFy cos (θL ) −
eFx sin (θL ) where Fx , Fy , and ML denote the reaction forces
and the reaction moment at point B, E is Young’s modulus and
I is the area moment of inertia of the spring, see Fig. 5(b).
In addition to (17)–(19), the following geometric constraints
are present in the proposed design:
xL = L0 (1 − qm ) + a(1 − cos q) + e(1 − cos θL ),
yL = a sin q − e sin θL

(20)

where q is the link angle, qm is the dimensionless slider position,
L0 is the total length of the leaf-spring while a = OA and e =
AB are the lengths of the lever arms shown in Fig. 5(a).

is positive and approaches infinity as the active length of the
leaf-spring approaches zero (qm → 1). We will subsequently
describe the negative stiffness mechanism, which has qualitatively different properties.
B. Negative Stiffness Mechanism
The negative stiffness mechanism (see Fig. 6) is composed of
a compression spring (red) and a roller cam mechanism (gray).
The moment produced by the spring is zero for zero output deflection while it is positive for positive output deflections. Upon
deflection the spring tends to push the output away from the
origin. This creates instability at the trivial equilibrium position
(q = 0).
The cam is circular with radius R, but it is eccentrically
mounted on the output shaft. The cam profile is given by


1 
ρ(θ, q) = R 5 cos (θ − q) + 64 − 25 sin2 (θ − q) (24)
8
where ρ is the polar radius measured from the axis of rotation
of the cam, and θ ∈ [0, 2π] is the polar angle measured from the
axis that connects the centers of the cam and the center of the
cam follower, see Fig. 6(b).
The moment produced by the mechanism at the output link
is a function of the cam profile (24), the cam-follower radius r,
and the angle of contact between the cam and the cam follower
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The approximate analytical relation between the moment produced by the spring and the output angle is
fII (q) ≈ −kII1 q + kII3 q 3
=
−

(13 + 8 Rr )2
5
kc R2
q
512
(1 + Rr )



(13 + 8 Rr )2
64 r2 3
1895
368 r
kc R2
+
1
+
q .
196608
(1 + Rr )3
379 R 379 R2
(26)

This expression provides a reasonably good approximation of
the experimental data near to the origin, see Fig. 6(c). The
stiffness of the mechanism at the trivial equilibrium is given by
kII1 = −

(13 + 8 Rr )2
5
kc R2
.
512
(1 + Rr )

(27)

As can be seen this stiffness is always negative.
In the following, we aim to use the analytical expressions
derived in this section in order to better understand the behavior
of the proposed PNSA.
C. Positive-Negative Stiffness Actuator

Fig. 6. (a) Cam-compression spring mechanism. (b) Details of the cam design.
(c) Moment–deflection characteristic of the mechanism. The physical parameters of the mechanisms are given by the radius of the cam R = 0.016 m, the
radius of the cam follower r = 0.006 m, and the stiffness of the compression
spring k c = 21 900 N/m.

θ2 , see Fig. 6(b). The exact moment–deflection characteristic of
this mechanism is obtained by solving the following equations:
ρ(θ1 , q) sin (θ1 ) − r sin (θ2 ) = 0,

(25)

where c(q) is the distance between the centers of the cam and
the cam follower, while

dρ

dθ sin θ + ρ cos θ 
s(θ1 , q) = dρ

dθ cos θ − ρ sin θ θ =θ 1
is the slope of the tangent line to the cam surface at the point
of contact between the cam and the cam follower, see Fig. 6(b).
In our design, c(q) represents the compression of the spring.
Consequently, the moment generated by the spring at the output
is given by:
fII (q) =

fa (q, qm ) = fI (q, qm ) + fII (q).
The resulting PNSA has the following features:
C.1) The undeflected configuration is the equilibrium position of the actuator, irrespective of the motor position:
∀qm ∈ [0, 1] : fa (0, qm ) = 0.

ρ(θ1 , q) cos (θ1 ) − r cos (θ2 ) − c(q) = 0,
s(θ1 , q) − tan (θ2 ) = 0

The previously described two mechanisms are connected in
parallel, and they act against each other at the output link. Similar to helical springs connected in parallel, the overall force–
deflection relation of the resulting composite mechanism is the
sum of force–deflection relations of the two individual mechanisms, (22) and (26):

1
kc c(q)2 sin (2θ2 (q))
2

where kc is the stiffness of the compression spring. The numerically computed torque–deflection curve and the corresponding
experimental data are shown in Fig. 6(c).

As a direct implication, at the trivial equilibrium position, the output force cannot be changed by changing
the motor position.
C.2) The stiffness of the actuator at the origin is a monotonically increasing function of the motor position:
∂ka (0, qm )
∂kI1 (qm ) ∂kII1
=
+
∂qm
∂qm
∂qm
⎛  
 ⎞2
a
1 + Le0 − qm
L0
9EI ⎜
⎟
=
⎝
3  3 ⎠ > 0.
L0
1 + Le0 − qm − Le0

∀qm ∈ [0, 1] :

(28)
C.3) At the origin, the stiffness of the actuator can take negative values for a range of motor positions:
∀qm ∈ [0, qm 0 ) : ka (0, qm ) = kI1 (qm ) + kII1 < 0
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where

qm 0

⎛



2

⎞ 13

a
 3
L0
e
3EI
⎟
⎜ e
=1+
−⎝
−
⎠ <1
L0
L0
L0 aFe0 + kII1

given that the pretension of the extension spring is not
too large aFe0 + kII1 < 0, where kII1 < 0, see (27).
C.4) The force–deflection characteristic near to the origin is
described by a softening nonlinear relation:

high energy cost. In contrast, the motor force is zero
and independent of the stiffness at equilibrium in the
proposed PNSA:
∀ka ∈ R, q = 0 : Fm = 0.

This means smaller motor force and lower energy cost.
C.7) The leaf-spring used in the actuator requires intrinsically low motor force for stiffness modulation [18].
This is because the variable length leaf-spring design
∀qm ∈ [0, qm 0 ) :
belongs to the class of mechanisms that require finite
∂ 3 fa (q, qm ) 
static motor force irrespective of the output position
= 6(kI3 (qm ) + kII3 ) < 0.

q =0
∂q 3
and output stiffness [19], [20].
C.8) The actuator has an 81% efficient drive train according
The actuator has a number of added features that set it apart
to factory specifications; it consist of a 90% efficient
from more typical previously designed compliant actuators.
DC motor coupled to a 90% efficient ball screw withThese features are listed as follows.
out using any additional gearbox. This was made posC.5) The actuator has unprecedented stiffness tunability,
sible by the geometric design of the leaf-spring mechi.e., the minimum stiffness can be negative while the
anism, which displaces the motor from the load path.
maximum stiffness can theoretically reach positive inAs an implication, the motor force required for stifffinity
ness modulation can be kept low [20], compared to an
qm ∈ [0, 1] : ka (0, qm ) = kI1 (qm ) + kII1 ∈ [−1.9, ∞).
alternative antagonistic [26], [40] or spring pretensionbased actuator [8], [28], [38].
This stiffness range goes beyond the ranges reported
C.9) The actuator has a reasonably large but limited mofor previously designed VSAs, which may have infition range. This has been achieved by the kinematic
nite but only-positive stiffness capability [29], [30],
connection of the leaf-spring element and the output
[32]. Also, a typical stiffness modulator, used in numlink (see Fig. 5(a) OAB). This connection limits the
ber of previously designed actuators, has a finite posdeformation of the leaf under large deflections of the
itive stiffness range [28], [31], [38], [39].
actuator. Further to this, with the use of the extenC.6) The actuator employs a passive negative stiffness
sion springs (see Fig. 5(a) green), the variable-length
mechanism. This means that no energy is required
leaf spring mechanism possesses an extended positive
to generate negative stiffness. This feature makes
stiffness range for large deflections compared to the
our implementation energetically advantageous comdesign in [18].
pared to designs that require active control, and as
C.10) The actuator uses a nonlinear phenomenon, bifurcasuch energy input, to generate or change the negation, to switch between equilibrium position control
tive stiffness [11]–[14]. In order to substantiate this
and stiffness modulation using a single motor. This
point, we note that buckling-beam-based negative
design differs from previous designs that use a constiffness systems are characterized by an approxitrollable clutch to emulate similar functionality [22],
mate linear relation between the axial compression
[23]. While the idea to use a controllable clutch is
force Fm , provided by the motor or piezoelectric acappealing, the technical realization of this idea retuator, and the lateral stiffness of the beam ka at
mains challenging. In particular, designing a clutch
equilibrium [12]:
that can switch between equilibrium position control
Fm
ka
and stiffness modulation can be more complex than
≈1−
∀ka ∈ R, q = 0 :
Fcr
k0
the classical design that uses two motors. In the prowhere Fcr is the critical buckling force, and k0 is the
posed actuator, we replace one of the motors with a
lateral stiffness of the beam when no motor force is
relatively simple compression spring mechanism, see
applied Fm = 0. According to this relation, first, holdFig. 6(a). Further simplification may be possible using
ing stiffness requires nonzero motor force, just like in
algorithmic design exploration [41].
antagonistic actuators [26], and second, negative stiffThe analytical model derived in this section provides a reaness ka ≤ 0 requires a motor force that is larger than sonably good approximate representation of the actuator near
the critical buckling force Fm ≥ Fcr . Even if a large to its trivial equilibrium position q ≈ 0. However, this model
motor force could be supported by a nonbackdrivable is not general enough to predict the location of the nontrivial
mechanism (lead screw or clutch) inserted in the load equilibrium away from the zero position. For this reason, we
path, changing stiffness would still require the motor now resort to an experimental characterization of the proposed
to provide this force. This means high motor force and PNSA.
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V. EXPERIMENTS
In this section, we use the proposed PNSA to emulate the behavior of the biological knee joint during locomotion. There are
two distinct motion phases—stance phase and swing phase—
during human locomotion. In the stance phase, the knee contributes to weight bearing of the body while maintaining a stiff
and nearly straight configuration of the lower limb. In the swing
phase, the function of the knee joint changes because it requires
control over the joint equilibrium position to generate the flexion
(early swing) and extension (late swing) [42]. Thus, locomotion
necessitates the knee to have two distinct modes of operation,
first, relatively high stiffness near to the zero equilibrium position during the stance phase, and second, equilibrium position
control with lower stiffness in the swing phase. Through the following two experiments we aim to show how can the proposed
device emulate similar operational features.
A. Stiffness Control Mode
In the first experiment, we demonstrate the effect of stiffness
modulation for a weight-bearing task without allowing for significant deflection of the joint. This is similar to the function of
the knee joint during the stance phase [43]. In the remainder of
this section, we consider this to be a stabilization task.
Figure 7 shows the experimental setup for the stabilization
task. Here, the device is secured to the floor while having a
weight on the top. This inverted pendulum setup is similar to the
stance phase in locomotion where the foot is in contact with the
ground and the leg supports the upper body. The effective output stiffness is quantified using a constant additional moment,
i.e., provided by a second weight attached to the output link
through a pulley. Starting from a slightly deflected configuration (qm = 0.58) see Fig. 7(a-i), the slider was gradually moved
toward higher stiffness settings (qm = 0.78). This made the
joint angle approach zero q ≈ 0, see Fig. 7(a-ii). Subsequently,
the slider was moved back to its initial position (qm = 0.58),
and consequently, the joint returned to a deflected position, see
Fig. 7(a-iii). During this experiment, the position of the slider
and the output deflection of the joint were recorded, and the
stiffness of the joint was calculated according to the following
approximate relation5 : k(0, qm ) ≈ M/q, where M is the net
moment generated by the upper part of the setup and the weight
attached to the output link.
As the slider reduces the active length of the leaf-spring,
(qm → 0.78) see Fig. 7(b), the stiffness varies at higher rate,
see Fig. 7(c), thereby allowing for a faster modulation between
a rigid and a compliant behavior. This can be attributed to the
approximate inverse cubic relation between the stiffness and
the motor position, i.e., ka (0, qm ) ∝ (1 − qm )−3 , according to
(28). However, unlike predicted by the model, it is not possible
to achieve infinite stiffness on the actuator even if (qm → 1).
This limitation is fundamental on real-world devices affected
by material yielding and design imperfection, e.g., backlash
at the zero equilibrium position. Also, determining the largest
5 This

formula is valid when the joint angle is small, i.e., |q|  1.

Fig. 7. (a) Stabilization task. (b) Link angle and slider position. (c) Joint
stiffness at the trivial equilibrium position q ∗ = 0. (d) Electrical motor power.
The plots summarize the data from five repeated experiments. The string, visible
in the setup, is carrying an extra weight used to apply a constant moment to the
joint.

stiffness experimentally is challenging because at high stiffness
sensory noise and small changes in the motor position can
result in significant changes in the stiffness values (see Fig. 7(c)
error bars). Despite these effects, if high stiffness is desired,
the output link may be kinematically locked by moving the
slider into the rigid connector link AB, see Fig. 5(a). In such
case, the output stiffness becomes the structural stiffness of the
actuator. Finally, we note that the electrical power consumption
of the motor was low in this experiment, see Fig. 7(d) (3 W),
irrespective of the output stiffness.
B. Equilibrium Control Mode
During the swing phase of human locomotion, the knee undergoes initial flexion and subsequent extension. In this section,
we aim to demonstrate a similar behavior using equilibrium
position control on the knee joint. In the remainder of this section, we consider this to be a swing task.
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Fig. 8. (a) Swing task. (b) Link angle and slider position. (c) Actuator torque.
(d) Electrical motor power. The plots summarize the data from four repeated
experiments.

Figure 8 shows the leg, hinged at the hip joint. In order to
generate a stepping motion, a torque was provided at the hip
using a linear spring pulling the thigh forward, just like the
hip torque does in human locomotion. At the initial push-off
phase, see Fig. 8(a-i), the knee was stiff, i.e., the slider was in
high stiffness setting (qm = 0.78). Subsequently, the slider was
moved toward lower stiffness settings (qm = 0). As the stiffness reached negative values, a new nontrivial joint equilibrium
was generated toward which the limb moved. This resulted in
flexion of the knee joint. As the joint flexed, the foot left the
ground see Fig. 8(a-ii), and the limb started to move forward,
see Fig. 8(a-iii). This was followed by the knee extension motion. In particular, knee extension was achieved by moving the
slider toward positive stiffness settings (qm → 1). This made
the trivial equilibrium stable and, correspondingly, caused the
knee joint to return to its initial configuration of zero deflection,
see Fig. 8(a-iv). The extension phase ended with heel strike see
Fig. 8(a-v), and the actuator returned to the stiffness control
mode.
This experiment demonstrates the ability of the device to shift
the joint equilibrium position to angles up to 60◦ , see Fig. 8(b)
shaded area. This is compatible with normal knee movements
during human locomotion [44]. When the device is in equilibrium control mode (qm ∈ [0, 0.6]), the negative stiffness
mechanism provided the force to lift up the leg. This made the
knee flex. When the slider was brought back to a high stiffness

IEEE TRANSACTIONS ON ROBOTICS

setting (qm ∈ [0.6, 1]) the positive stiffness mechanism straightened the knee joint. In the latter case, there was low variation in
the equilibrium position see Fig. 8(b), indicating that the actuator was being switched back to the stiffness control mode. We
note that our prototype has a limited motion range, although,
PNSAs can be designed to have a large motion range. For example, one could use a gear reducer at the output joint to limit
the spring deflection to a fraction of the output deflection in the
proposed design.
The experimental data shows that the device exhibits two
modes of operation. In the stiffness control mode, the joint operated around the origin. As the slider shifted toward high stiffness settings, the output stiffness increased sharply due to the
highly nonlinear behavior of the positive stiffness mechanism,
and the joint became more rigid. As the slider moved toward low
stiffness settings, the device switched to the equilibrium control
mode. In this mode, the moment generated by the actuator flexed
the joint. We note that precise control of the equilibrium position
was nontrivial because of the following reasons: 1) hysteresis
between the equilibrium position and the motor position; 2) the
limited resolution in the control of the equilibrium position at
mode-switching; and 3) the hysteresis in mode switching, which
depends on the direction of motion. These limitations are due
to the nonlinear force–deflection characteristic of the proposed
actuator [35]. These limitations are fundamental; they can be
mitigated, but cannot be eliminated by a better design realization of the proposed actuator.
In both of the experiments, we observed low power by the
motor, first, during stiffness modulation near to the zero equilibrium position (see Fig. 7(c) and (d) gray 3 W), and second,
when the joint was considerably deflected from its equilibrium
position (see Fig. 8(a) and (d) gray 15 W). This is because the
active positive stiffness mechanism is designed to redirect the
forces generated by the leaf-spring to the structure of the actuator instead of the motor unit. In particular, when the leaf spring
is not deflected, the force experienced by the driving motor is
zero independently of the stiffness. This is partly because the
actuator does not need to do considerable amount of work in
these tasks, but also because stiffness modulation does not cost
considerable amount of energy in this actuator. The latter feature
characterizes all previously designed so called energy efficient
VSAs [29]. When the leaf spring is deflected, the force experienced by the driving motor is not zero; it is the axial reaction
force imposed by the spring on the motor. It can be also shown
that the force imposed by the spring on the driving motor remain
bounded irrespective of the stiffness. This feature characterizes
the class of low-power variable stiffness mechanisms more recently introduced in [20]. This means that the force experienced
by the driving motor, and consequently the power drained by
the driving motor can be kept low not only when the spring is
undeflected but also when it is deflected from its equilibrium
configuration.
In summary, the device is able to control stiffness at origin,
vary equilibrium position up to a considerable deflection, and
switch between these two modes using a single motor. This
is achieved without output-feedback, ensuring inherent stable
stiffness modulation using the proposed PNSA.
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VI. CONCLUSIONS
The paper presents a novel compliant actuation concept that
combines positive and negative stiffness mechanisms. It is
shown that employing a combination of positive and negative
stiffness, a compliant actuator is able to modulate its equilibrium position and output stiffness in open-loop fashion using a
single motor. Irrespective of how the positive and negative stiffness is generated, as long as the positive stiffness can surpass its
negative counterpart, the actuator will exhibit two modes of operation: one allowing control over the equilibrium position, with
a predetermined stiffness, and another allowing control over the
actuator’s stiffness at a fixed stable equilibrium. The former is
similar to open-loop equilibrium position modulation in SEAs,
while the latter is similar to open-loop stiffness modulation in
VSAs.
The proposed actuation concept may find its place in mechanically adaptable robotic systems where stiffness modulation is
required but doing large output work by the motor is not required. For example, it may be used in legged robots, and actuator assisted lower limb prosthetic devices and exoskeletons
to provide high knee stiffness in stance, adaptive stiffness at
the ankle for efficient walking at different speeds, and negative
stiffness at the knee and possibly hip to mimic an ideal ballistic
swing [45] without doing considerable work. Further applications include mechanically adaptive medical braces that can
change stiffness to aid better stability of the biological joint during recovery from injury, and negative stiffness rehabilitation
devices that can generate joint instability to aid better training
and possibly faster recovery after surgery.
APPENDIX
The parameter that defines the cubic term in (22) is:
kI3 (qm ) =
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−
q
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+
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0 L0


a e
a
+6
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where δm = [ Le0 + 1 − qm ]3 − ( Le0 )3 .
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