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Efficiently Computable
Constrained Optimal Feedback Controllers
Yuqing Chen1 , Loris Roveda2 , and David J. Braun1 , Member, IEEE

Abstract—Constrained optimal feedback controllers can be
used to mitigate external perturbations and modeling errors
in robot control. However, these controllers require extensive
calculation which is one of their main limitations in real-time
implementation. Here we present two locally optimal feedback
controllers which can be efficiently computed online in realtime. These controllers are applicable to systems with nonlinear
dynamics, nonlinear state and control dependent cost, and
box constrained control inputs. The proposed locally optimal
controllers differ from alternative feedback and re-computed
feed-forward model predictive controllers which provide suboptimal inputs and require significantly more online calculation
in real-time implementation. Theoretical arguments, a numerical
simulation, and a robot control experiment substantiate our
claims, and show the applicability of the proposed efficiently
computable constrained optimal feedback control method.
Index Terms—Optimization and optimal control, motion control, optimal feedback controller.

I. I NTRODUCTION

R

OBOTIC systems are often nonlinear, redundantly actuated, and subject to actuation constraints during their
motion. Optimal control methods can be used to systematically
treat such problems; efficiently compute optimal feed-forward
controllers for robots. However, due to external perturbations
and modeling errors, a feed-forward controller, which works
adequately in simulation, may be severely limited in practical application. Optimal feedback control (OFC) and model
predictive control (MPC) can mitigate such limitation.
Finding globally optimal feedback controllers is theoretically possible but computationally intractable for most nonlinear and high-dimensional systems [1]. Nevertheless, optimal
feedback controllers can be analytically derived for linear
dynamics and quadratic cost [2]. The resulting linear-quadratic
controller (LQR) can be extended to efficiently find feedforward and locally optimal feedback controllers for unconstrained nonlinear systems (MSA, DDP) [3], [4], and systems
subject to control constraints (RT-OFC, iLQR, cDDP, SAC)
[5]–[8]. These controllers require minimal online calculation to
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provide sub-optimal feedback in presence of input constraints.
We aim to extend these controllers to an optimal constrained
feedback controller, which can be efficiently computed in
practical application.
An alternative to the local linear feedback, used in the
aforementioned methods, is the model predictive control approach. In MPC, the original long time horizon optimal control
problem is approximately solved, either using a shorter time
horizon problem, which can be solved online within one time
step [9], [10], or by performing a single iteration in real-time
(RTI) towards the solution of the original problem [11]–[13].
In both cases, the initial state is updated at every step by the
measured state, and the optimization problem is solved to find
the feed-forward control input for future time steps. When the
input is constrained, the online computation in both formulations is tied to a large-scale constrained quadratic program
where the number of decision variables is significantly larger
than the number of control inputs. In summary, MPC methods
are more general but also computationally more expensive
compared to the aforementioned feedback control methods.
In this paper we present two efficiently computable constrained feedback controllers. These controllers combine an
optimal feed-forward input with a locally optimal constrained
feedback controller. Both controllers are nonlinear; the first
one is implicitly given by a small-scale constrained quadratic
program while the second one is defined by an iteratively
updated quadratic program. These controllers (i) take the
control constraints optimally into account and (ii) are efficiently computable during the actual motion. In particular,
the computational complexity of the first controller does not
depend on the time horizon of the optimal control problem,
while the computational complexity of the second controller
linearly scales with the time horizon.
The paper is structured as follows. In Section II, we present
an iterative constrained nonlinear optimal control algorithm. In
Section III we present two online computable locally optimal
constrained feedback controllers. In Section IV, we demonstrate the utility of the proposed controllers under unforeseen
perturbations, and we compare them with alternative controllers. In Section V, we implement the computationally more
efficient controller on a six-link torque controlled robot. The
experiment demonstrates the benefit of the proposed controller
in application. In Section VI, we theoretically show that the
computational cost in our controllers is smaller than what is
required by real-time iteration based MPC methods. Finally,
in Section VII, we theoretically show the local optimality of
the controllers presented in this paper.
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II. I TERATIVE C ONSTRAINED N ONLINEAR O PTIMIZATION

and derive the co-state equation and the control update

In this section, we present an iterative constrained nonlinear
optimization method. This method belongs to the family
of successive approximation methods [3]–[7]. We use this
method to introduce two locally optimal constrained feedback
controllers in Section III. These controllers provide the main
contribution of this paper.
Problem statement: We consider the following optimal
control problem:
Z T
min I = φ(x(T ), T ) +
L(x, u, t)dt
u∈U
(1)
0
s.t. ẋ = f (x, u) and x(0) = x0

λ̇ = −∆Hδx = −Lx − Lxx δx − Lxu δu − fx> λ,
λ(T ) = ∆φδx(T ) = φx + φxx δx(T ),
δu = arg min ∆H(δx, δu, λ, t).

n

n

where x ∈ R is the state of the system, x0 ∈ R is the initial
state, u ∈ Rm is the control input, T ∈ R+ is the fixed time
horizon, φ : Rn × R+ → R denotes the terminal cost, and
L : Rn × Rm × R+ → R is the running cost. We assume that
the control input belongs to a non-empty, closed and bounded
set defined by box constraints:
∀t ∈ [0, T ] : u ∈ U = {u ∈ Rm : umin  u  umax }.

(2)

Next we define a constrained linear quadratic subproblem
which is iteratively solved to find a locally optimal feedforward control input and a locally optimal feedback control law
for (1)–(2).
Constrained linear quadratic subproblem: We assume that a
nominal admissible control input is chosen u∗ ∈ U and that the
corresponding state trajectory x∗ is obtained by simulating the
dynamics ẋ = f (x, u∗ ). Using these two quantities, we define
the variation between the state and control and the nominal
state and control:
δx = x − x∗ and δu = u − u∗ ∈ δU

(3)

where
m

δU = {δu ∈ R

∗

∗

: umin − u  δu  umax − u }.

(4)

Next, we derive the first and second order approximations
of the dynamics and the objective functional in (1) around
the nominal trajectory and control. The resulting constrained
linear quadratic optimal control problem is given by:
Z T
∆Ldτ
min ∆I = ∆φ +
δu∈δU
(5)
0
s.t. δ ẋ = fx δx + fu δu, δx(0) = 0
and
1
>
∆φ =φ>
x δx(T ) + δx(T ) φxx δx(T ),
2
" 1 #> " 0
Lx
Lu #" 1 #
1
>
Lx Lxx Lxu δx
∆L = δx
2
δu
L>
Lux Luu δu
u

∆H = ∆L + λ> (fx δx + fu δu),

δu∈δU

In order to convert (9) to a locally valid feedback controller,
we use the following assumption:
A1 : λ = Rδx + r
n×n

where R ∈ R
(8), we obtain:

(6)

(10)

n

and r ∈ R . Substituting (10) into (7) and

Ṙ + Rfx + fx> R + Lxx = 0, R(T ) = φxx ,

(11)

ṙ + (Lxu + Rfu )δu + Lx + fx> r = 0, r(T ) = φx .

(12)

The control update defined in (9) can be obtained by solving
the following constrained quadratic program (cQP):
1
δu∗ = arg min δu> Luu δu + δu> b(δx)
(13)
δu∈δU 2
where b(δx) = (Lxu + Rfu )> δx + Lu + fu> r. This is a smallscale cQP where the number of decision variables m is the
same as the number of control inputs.
Previous successive approximation methods [3]–[7] use two
assumptions together with (7)-(9) to derive the control update;
they assume: (A1) a linear relation between the co-state and
the state variation, and (A2) a linear relation between the
control update and the state variation. In Section VII, we show
that the second assumption is not compatible with a locally
optimal constrained feedback controller. Due to this reason
we have not used (A2) in our derivation.
Iterative algorithm: In order to find the optimal control
input for (1)–(2), the nominal input in the previous iteration
is updated using the following formula:
ui = ui−1 + δu∗ = u∗ + δu∗ ∈ U.

(14)

In order to make the iterative algorithm converge, we modify
the cQP (13) until the cost decreases. One way to do this is to
increase the smallest eigenvalue of Luu until the cost in the
next iteration is smaller than the cost in the previous iteration1 .
This convergence control method was introduced in [16], [17].
III. C ONSTRAINED OPTIMAL FEEDBACK CONTROL
The method outlined in the previous section provides a way
to numerically compute the constrained optimal feed-forward
control input and the corresponding optimal state:
uopt (t) ∈ U and xopt (t).

where the subscripts denote partial derivatives.
Solution of the subproblem: We solve the minimization
problem (5) using Pontryagin’s Maximum Principle (PMP)
[14]. We introduce the co-states λ ∈ Rn , define the Hamiltonian function

(7)
(8)
(9)

(15)

Given perfect model information, and no external perturbation,
application of uopt (t) on the robot will lead to the optimal state
xopt (t). However, imperfect model information and external
perturbations are inevitable in application. In this section,
we present two controllers to deal with these issues. Both
controllers have the same structure:
FB
u(t, δx) = uFF
opt (t) + δuopt (t, δx) ∈ U

(16)

1 We use the modified Cholesky factorization algorithm to increase the
smallest eigenvalue of Luu when Luu is not a positive definite [15].
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where δx = xm (t) − xopt (t) is the difference between the
measured state and the computed optimal state. Also, both
controllers provide locally optimal feedback, which can be
computed online. The difference between the two controllers is
in the computation of the feed-forward input and the feedback
correction. These are detailed in the remainder of this section.
A. Controller CI
In the first controller (CI), the feed-forward input (FF) is
precomputed offline (14):
uFF
opt = uopt (t)

(17)

while the feedback (FB) is calculated using the cQP (13)
online:
1 >
>
δuFB
opt = arg min δu Luu opt δu + δu b(δx)
2
δu∈δU

(18)

b(δx) = (Lxu opt + Ropt fu opt )> δx + Lu opt + fu>opt ropt
where all coefficients (Luu , Lux , Lu , fu , R, r) are evaluated
along the precomputed optimal state and the feed-forward
optimal control input (15).
The advantage of this controller is that it takes the constraints optimally into account at every time step (Section
VII), and that it can be efficiently computed online. The online
computational cost is defined by the computational complexity
of the cQP (18). It is O(m3 ); it scales cubically with the
number of control inputs m but does not depend on the time
horizon. Using state-of-the-art cQP solvers with warm start,
the computation of the inputs can be done in real-time even
for complex robots; for a robot controlled with m = 20 box
constrained inputs the computation can be done in less than
1ms [18].
The limitation of this controller is that the feed-forward
input (17) and the coefficients in the feedback controller (18)
are not updated during the motion; they are based on the
optimal trajectory computed in simulation. Consequently, this
controller can only deal with small unforeseen perturbations
and small model imperfections.
B. Controller CII
In order to extend the above controller, we update both the
feed-forward input (14) and the coefficients of the cQP (13)
used to calculate the feedback. In the second controller (CII),
these updates are computed as follows:
(I) Initialization: Assume that u0opt (t) : [t0 , T ] → U is the
optimal control input computed in simulation.
(P) Preparation: During every real-time step [tk , tk+1 ],
use the iterative optimization method (14), with the initial
condition defined by the measured state of the system x(tk ) =
xm (tk ) and the feed-forward control input unopt (t) : [tk , T ] →
n×n
U, to (i) predict the parameters Rn+1
opt (t) : [tk+1 , T ] → P++ ,
n+1
n
ropt (t) : [tk+1 , T ] → R , (ii) calculate the new control input
un+1
opt (t) : [tk+1 , T ] → U and (iii) calculate the corresponding
n
state xn+1
opt (t) : [tk+1 , T ] → R .

3

(FF) Update the feed-forward control: Use the first input
of the newly computed control as the feed-forward input at
the next time step:
n+1
uFF
opt (tk+1 ) = uopt (tk+1 ) ∈ U.

(19)

(FB) Update the feedback control: Calculate the feedback
at the next time step tk+1 by solving the following cQP online:
1 > n+1
>
δuFB
opt (tk+1 , δx) = arg min δu Luu δu + δu b(δx),
δu∈δU 2
n+1 n+1 >
n+1
n+1> n+1
b(δx) = (Ln+1
xu opt + Ropt fu opt ) δx + Lu opt + fu opt ropt
(20)

where the coefficients are evaluated at tk+1 and updated at
every time step, and where
δx = xm (tk+1 ) − xn+1
opt (tk+1 )

(21)

is the measured state error at the next time step. Repeat (P)(FF)-(FB) in every time step.
The advantage of this controller is that it can mitigate larger
external perturbations and larger modeling errors compared
to a feedback controller which is not updated online. The
limitation of this controller is the computational cost in the
preparation step (P), and the on-line computational cost to update the feedback controller (FB). The latter cost is O(m3 nT );
it scales linearly with the time horizon nT .
State-of-the-art real-time iteration based model predictive
control methods [11], [13] update the feed-forward optimal
control inputs (19), and the online computational complexity
of these methods scales cubically with the time horizon
O(m3 n3T ). Compared to these methods, our contribution is
(i) the iteratively updated locally optimal feedback controller
(19), and (ii) a formulation where the online computational
cost linearly scales with the time horizon. These points are
further discussed in Section VI.
IV. C ASE S TUDY
In this section, we use the controllers presented in Sections
III-A and III-B to find an optimal damping strategy for the
compliant robot joint shown in Fig.1. Using this example, we
show the benefit of the proposed controllers compared to four
alternative controllers.
A. Problem Formulation
The approximate state space representation of the robot joint
(Fig.1), driven by a variable length leaf spring actuator [19],
is given by:


x2


−βx2 − kmin sin(2x1 ) 
3
(22)
ẋ = f (x, u) = 
2 (1 − x3 ) 




x4
−2αx4 − α2 x3 + α2 u
where x = [x1 , x2 , x3 , x4 ]> = [q, q̇, z, ż]> is the state vector,
q is the joint angle, z ∈ [0, 1] defines the normalized active
length of the leaf-spring, β ≥ 0 is the linear viscous damping
coefficient, kmin > 0 is the minimum stiffness of the joint at
the equilibrium q = 0,  ∈ (0, 1) is the admissible stiffness
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variable length leaf-spring mechanism
z

q

Fig. 1. Variable stiffness joint. The stiffness of the joint can be controlled
by changing the length of the leaf spring. z defines the normalized active
length of the spring. A shorter spring (z → 1) leads to higher stiffness while
a longer spring (z → 0) leads to lower stiffness.

range, u ∈ U = [0, 1] is the motor position while α ∈ (0, ∞)
defines the closed-loop bandwidth of the position controlled
actuator. The desired position of the actuator u is used to
change the length of the leaf-spring z. A shorter spring (z →
1) makes the joint stiffer while a longer spring (z → 0) makes
it more compliant.
The optimal control problem is defined by:

> 


1 x1 (T )
kmin 0 x1 (T )
min
0
1 x2 (T )
(23)
u∈U 2 x2 (T )
s.t. ẋ = f (x, u), x(0) = x0 .
Here, the objective is to minimize the mechanical energy of
the joint at the terminal time T starting from the initial state.
B. Results
Figure 2 shows:
(i) The perturbed response controlled with the feed-forward
optimal controller uopt (t) (dashed black line);
(ii) The perturbed response controlled with the offline computed constrained feedback controller: uopt (t, δx) =
uopt (t) + δuopt (t, δx) ∈ U where δuopt (t, δx) is the
unconstrained solution of (18) when uopt (t) ∈ (0, 1), and
δu(t, δx) = 0 when uopt (t) ∈ {0, 1} (green line) [6];
(iii) The perturbed response controlled using the feedback
controller:

0
if x1 (t)ẋ2 (t) ≤ 0
uα→∞ ∈
(24)
1
if x1 (t)ẋ2 (t) > 0.
This controller is optimal given that the stiffness modulation is infinitely fast (α → ∞) (dashed blue line);
(iv) The perturbed response controlled with the online computed optimal feedback controller: uopt = uopt (t) +
δuopt (t, δx) ∈ U (17), (18) (solid black line);
(v) The perturbed response controlled with the online
updated optimal feedback controller: uopt (tk+1 ) =
unopt (tk+1 ) + δun+1
opt (tk+1 , δx) ∈ U (19), (20) (dotted red
line);
(vi) The unperturbed response controlled using the feedforward optimal inputs uopt (t) (gray line). This solution
provides the baseline.

The optimal feed-forward controller is sensitively affected
by the imposed perturbation; the motion of the robot (Fig.2
black dashed line) departs from the unperturbed optimal
motion (Fig.2 gray line). Application of the offline computed
feedback control law (Fig.2 green line) provides no benefit
because the control input is constrained during the motion.
This is a typical situation in robot control applications when
the actuators have high utilization, and the control input is
deliberately pushed into saturation.
The online optimal feedback controller (16) provides reasonably good disturbance rejection (see Fig.2 black line)
while the online updated optimal feedback (19) obtains even
better performance due to the iterative re-optimization (see
Fig.2 red dotted line). Finally, we observe that the proposed
feedback controller (Fig.2 black) provides better task execution
compared to the near-optimal analytical solution (Fig.2 blue)
because stiffness modulation cannot be performed infinitely
fast. This is again a typical situation in robot control application [20].
V. E XPERIMENT
In this section we use the constrained optimal feedback
controller presented in Section III-A to control the Universal
Robot (UR10); a six degrees-of-freedom, direct drive, torque
controlled robot, see Fig.3. We consider a sequence of piecewise optimal reaching tasks under control constraints, unforeseen perturbations, and imperfect model information. This
experiment demonstrates the practical utility of the proposed
feedback control method.
A. Model
The dynamics of the robot is given by:


q̇
ẋ = f (x, u) =
M(q)−1 u

(25)

where q ∈ R6 represents the joint angle, x = [q, q̇]> ∈ R12 is
the state, u = τ − C(q, q̇) − G(q) − F(q̇) ∈ R6 is the control
input, τ ∈ R6 represents the motor torques, C(q, q̇) ∈ R6
includes the Coriolis and normal inertial forces, G(q) ∈ R6
denotes the gravitational forces, F(q̇) ∈ R6 represents the
Coulomb friction and the linear viscous damping forces while
M(q) ∈ R6×6 is the mass matrix.
We used system identification to estimate the physical
parameters, Coulomb friction, and the damping forces [21].
Despite the system identification, the estimated model is only
an approximate representation of the robot, and we used this
approximate representation to calculate the control input.
B. Optimization
The optimal control problem for a point-to-point A→B
reaching task is given by PAB :
Z T
minkx(T ) − xB k2Wx +
ku(t)k2Wu dt
u∈U
(26)
0
s.t. ẋ = f (x, u), x(0) = xA , U = [umin , umax ]
where xA = [qA , 0]> is the initial state, xB = [qB , 0]>
is the target state while Wx and Wu are positive definite
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Fig. 2. Feedback control under the effect of unforeseen external perturbations. (a) Bar plot of the normalized cost calculated for six different controllers:
(i) the optimal feed-forward controller (dark gray), (ii) the offline computed feedback controller (green), (iii) the analytical near optimal feedback controller
(α → ∞) (24) (blue), (iv) the online computed optimal feedback controller (17), (18) (black), (v) the online updated optimal feedback controller (19), (20)
(red) and (vi) the offline computed optimal control (gray). The offline computed optimal control (gray) provides the baseline in this comparison (lowest cost)
because it is computed assuming no perturbation. (b) Control commands for four controllers: (iii) dashed blue, (iv) black, (v) dotted red and (vi) gray. (c)
Motion of the robot. The perturbed optimal feed-forward control (i) and the offline computed optimal feedback (ii) are identical. They are denoted with the
dashed black and the green lines. The external perturbations, added to the right-hand side of (22), consist of two square pulses: −0.12×[1(t−1)−1(t−1.45)]
and −0.2 × [1(t − 7) − 1(t − 7.45)] respectively. The perturbations are applied in the shaded areas in Fig.2b.

weights of the terminal and the running costs. Minimization
of the terminal cost will move the robot towards the target
configuration x(T ) → xB while minimization of the running
cost will minimize the acceleration of the robot u → 0 ⇒
τ → C(q, q̇) + G(q) + F(q̇) ⇒ Mq̈ → 0 ⇒ q̈ → 0. The
latter reduces the energy required to accelerate/decelerate the
motion; it promotes smooth, inertial motion.
C. Composite Task
We consider a task composed of two sub-tasks; one to move
from A to B and another to move from B to A (see Fig.3):
P

P

AB
BA
A −−
→ B −−
→ A,

(27)

where the optimal control problem PAB is define by (26)
and PBA is defined similarly. We aim to demonstrate that
the optimal feedback controller can be used to prevent error
accumulation despite the constraints, unforeseen perturbations,
and imperfect model information present through multiple
periods of this cyclic motion.
D. Results
Figure 3 shows the frame sequence of the robot while it
performs the composite task A → B → A. The joint angles
q and the control inputs u are shown in Fig.3a and Fig.3b.
These plots show three consecutive motion cycles. In all cases,
the optimal feedforward controller is shown with gray lines
and the optimal feedback controller (17) and (18) is shown
with black lines. The feedback corrections were computed by
solving (18) online in real-time. The three non-overlapping
black lines represent three repeated experiments.
Figure 3a (black line) shows that the optimal feedback controller preserves reasonably well the optimal motion through
multiple cycles despite the constraints (Fig.3b dashed lines)
and the relatively large perturbations (Fig.3b red line). Near to
the terminal states xA and xB , the controller aims to vigorously

enforce these states (see Fig.3a) and the control inputs are
pushed into saturation (see Fig.3b). Away from the terminal
states, the motion considerably deviates from the optimal
motion. This is consistent with the objective (26) which does
not minimize the error between the actual motion and the precomputed optimal motion in the running cost. For the same
task, the optimal feed-forward inputs triggered the factory
programmed safety limitation of the robot after a short time
(Fig.3a dashed lines in the gray area).
In summary, the experiment shows a computationally efficient implementation of a locally optimal constrained feedback
controller. This controller is useful to deal with unforeseen
perturbations and imperfect model information in practical
application.

VI. D ISCUSSION AND C ONCLUSION
In this paper we proposed two feedback controllers which
take the control constraints u ∈ U optimally into account.
(i) The first controller is composed of an offline computed
optimal feed-forward input (17) and an online computed
feedback correction. The feedback correction is efficiently
computed by solving a small-scale cQP (18) at every time step,
online, using measured state feedback. This cQP provides the
local necessary optimality condition of the original nonlinear
optimization (1) along the offline computed optimal trajectory.
(ii) The second controller updates the feed-forward inputs
(19) and the coefficients of the cQP (20) used to compute the
feedback. This controller is computationally more expensive
due to the real-time re-optimization. However, this controller
can better mitigate external perturbations and imperfect model
information when the required calculations are afforded within
a single time step. Real-time implementation of this controller
typically requires a short prediction horizon or a relatively
large time step that could be used for slowely moving robots.
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Fig. 3. Experiment. Top: Frame sequence of one motion cycle: A→B→A. The robot is driven by the optimal feedback controller (17), (18) using torque
control. Bottom: (a) Joint angles. (b) Joint torques. The black lines denote the trajectories of the robot controlled with the optimal feedback controller,
the gray lines denote the simulated optimal motion, while the black dash lines are the control constraints. The vertical gray lines denote the duration of
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7
the subtasks AB and BA. The terminal states are defined by: xA = [0, − 94 π, 16 π, 21 π, 21 π, 0, 01×6 ]> and xB = [ 14 π, − 36
π, 22
π, 13 π, 19 π, 16 π, 01×6 ]> .
For the online computed feedback controller, we use: Wu = 200 × diag([1 1 1 1 1 1]) while the weight matrix in the terminal cost depends on the
task. For task AB, the weight is: Wx = 100 × diag([2 × 106 2 × 106 2 × 106 5 × 104 100 100 20 1 1 1 1 1]) while for task BA, the weight is:
Wx = 100 × diag([5 × 106 3 × 106 2 × 106 5 × 104 100 100 20 1 1 1 1 1]). The control constraints are given by umax = [40, 35, 15, 5, 10, 5]> Nm,
umin = −umax . The time horizons of the two subtasks are: TAB ≈ 1.5s and TBA ≈ 3s. The perturbations are implemented using the motors; the square-wave
torques (red lines) are given by: [10, 10, 10, 2, 2, 2] × [1(t − 0.48) − 1(t − 0.68)]Nm and −[10, 10, 10, 2, 2, 2] × [1(t − 4.64) − 1(t − 4.84)]Nm respectively.
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A. Locally Optimal Feedback Control
The proposed feedback controllers (18) and (20) are similar
to prior optimal feedback controllers [3]–[7] where the offline
computed coefficients and the error between the measured and
the optimal state are used to compute the control correction.
However, OFC methods typically assume linear feedback
uopt (t, δx) = uopt (t) + K(t)δx


 uopt (t) + K(t)δx
umin
u(t, δx) ∈

umax

Table I shows the online computational cost of the constrained feedback (18), the updated optimal feedback (20), and
the RTI based MPC method (29).
TABLE I
O NLINE COMPUTATIONAL COST TO CALCULATE THE CONTROL INPUT.
Controller
Formulation
Costa

(28)

where K(t) is the offline computed time varying feedback
gain. While linear feedback controllers work well when the
input is unconstrained, they do not provide a locally optimal
parametrization of the controller when the input is constrained.
For example, in the constrained differential dynamic programming (cDDP) approach [7] (Section III.C) the authors
proposed the following saturated linear feedback control law:
if uopt + Kδx ∈ U
if uopt + Kδx  umin
if uopt + Kδx  umax .

When the input is unconstrained, this control law is locally
optimal. However, when the input is constrained, this control
law is suboptimal. The suboptimality is due to the assumed
explicit linear relation of the control correction and the state
error, as shown in Section VII. Our derivation is free of
such assumption. Consequently, in the constrained quadratic
program cQP (18) the relation between the control correction
and the state error remains locally optimal.
An important practical feature of the proposed cQP formulation is that it can be efficiently computed online. Due
to this reason, the proposed formulation provides a locally
optimal constrained feedback controller which extends the
locally optimal unconstrained feedback controller (28).
B. Updated locally Optimal Feedback Control
The preferred sampling rate in feedback controlled robotic
systems is 1ms [22]. Under this sampling rate, real-time
implementation of MPC methods is typically not feasible on
robotic systems. In order to reduce the online computational
cost, nonlinear MPC formulations resort to a shorter prediction
horizon, in which case, they provide a sub-optimal solution
and become susceptible to instability. Alternatively, one can
employ the real-time iteration (RTI) technique [11]–[13] where
the original control problem is resolved at each time step.
In efficient RTI methods, the control input is re-optimized
taking only one iteration towards the optimal solution, instead
of taking as many iterations as required to reach the optimal
solution. Given a perturbed initial condition, this strategy has
been proven to converge for unconstrained optimal control
[11]. In the constrained case, updating the inputs in real-time
is done using the following cQP; [12] (1.16) and [13] (20):

7

CI
(18)
O(m3 )

CII
(20)
O(m3 × nT )

RTI
(29)
O(m3 × n3T )

a Controllers (CII) and (RTI) require the optimal trajectory to be updated.
In CII, this update step linearly scales with the time horizon.

According to Table I, the computational cost of the online
feedback controller (CI) is significantly smaller than the cost
of the RTI based MPC controller (29) because the feedback
controller does not update the feed-forward input or the
coefficients of the cQP (18). However, we can also see that,
although the second controller (CII) is updated in real-time,
its computational cost linearly scales with the time horizon nT
as opposed to n3T for the RTI controller. Due to this reason,
even at a relatively short time horizon nT = 10, (29) can be
two orders of magnitude more expensive than the formulation
in (19) and (20). In Section V, we found that even with this
reduced computational cost, updating the controller in long
time horizon is not feasible in real-time.
VII. A PPENDIX
A linear relation between the control correction δu and the
state error δx precludes the derivation of a locally optimal
feedback controller in presence of input constraints. Here,
we assume such linear relation and show that the necessary
condition of optimality obtained under this assumption does
not provide optimal control corrections upon state perturbation
according to PMP [14].
A. Necessary condition of optimality for the nonlinear optimal
control problem
The Hamiltonian of the nonlinear optimal control problem
(1) is defined by H(x, u, λ) = L(x, u, t) + λ> f (x, u) and the
necessary conditions of optimality are given by:
λ̇opt + Lx + fx > λopt = 0, λopt (T ) = φx ,
uopt = arg min H(xopt , u, λopt ).

(30)
(31)

u∈U

Assuming linear perturbation of the dynamics and quadratic
perturbation of the cost near the optimal solution, the Hamiltonian becomes:
H = Lopt + ∆L + (λopt + δλ)> (fopt + fx δx + fu δu). (32)

min δU> HδU + h(xm )> δU s.t. GδU  g(xm ) (29)

Minimization of this Hamiltonian with respect to the control
update leads to the following cQP:

where δU = [δu1 , δu2 , . . . , δunT ]> ∈ Rm×nT represents the
control inputs for all future time steps, H and G are offline
computed coefficients while h(xm ) and g(xm ) are updated
online using the measured state of the system xm .

1 >
δu Luu δu + δu> (Lux δx + fu> δλ + fu> λopt + Lu ).
2
(33)
This cQP provides the optimal control correction given a state
perturbation according to PMP.

δU

min

δu∈δU
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B. Necessary condition of optimality for the subproblem
We recall two standard assumptions [3]–[7]:
A1 : λ = R̂δx + r̂ and A2 : δu = Kδx + k.

(34)

Using these assumptions, we obtain the following necessary
conditions of optimality [3]:
˙
R̂ + R̂fx + fx > R̂ + Lxx
>
(35)
− (Lxu + R̂fu )L−1
uu (Lxu + R̂fu ) = 0,
|
{z
}
assumption A2

>
r̂˙ + Lx + fx > r̂ − (Lxu + R̂fu )L−1
uu (Lu + fu r̂) = 0 (36)
{z
}
|
assumption A2

with terminal condition R̂(T ) = φxx and r̂(T ) = φx , while
the control update is defined by the following cQP:
1 >
δu Luu δu + δu> b̂(δx)
δu∈δU 2
min

(37)

where b̂(δx) = (Lxu + R̂fu )> δx + Lu + fu> r̂. This cQP is
similar to (18) but it is not the same because its parameters
are different.
Next we show that (37) does not provide locally optimal
constrained feedback corrections because its parameters are
not consistent with the necessary conditions of optimality of
the original nonlinear optimal control problem (1).
Equivalence of (33) and (37) near to the optimal solution
requires the following relation to be true:
λopt = r̂opt .

(38)

This condition implies that (36) and (30) should be identical.
This is only possible if:
>
(Lxu + R̂opt fu )L−1
uu (Lu + fu r̂opt ) = 0.

(39)

If we assume that Luu is positive definite, R̂opt is a positive
definite solution of the nonlinear Riccati equation (35), and
fu 6= 0 (the system can be influenced by the control input)
then (38) and (39) imply:
∂Hopt
= Lu + fu > λopt = Lu + fu > r̂opt = 0.
(40)
∂u
This relation shows that:
(i) If the control input is unconstrained then (37) is consistent with the necessary condition of optimality. In this case,
cQP (33) and cQP (37) are equivalent to the unconstrained
optimal linear feedback control law:
>
δu = Kopt δx = −L−1
uu (Lxu + R̂opt fu ) δx.

(ii) If the control input is constrained, (40) is not the
necessary condition of optimality for (31), and consequently,
the co-state r̂ in cQP (37) is not the optimal co-state λopt ;
(38) does not hold. As an implication, the control update
calculated using (37) will not minimize the variation of the
Hamiltonian along the optimal solution, and will not provide
optimal correction upon state perturbation.
The formulation proposed in this paper (11)–(12) does not
use the second assumption A2 in (34). This makes (12) consistent with (30) irrespective of the constraints; λopt = ropt holds

along the optimal solution. As an implication, the proposed
cQP (18) is identical to (33); it provides the control update that
minimizes the variation of the Hamiltonian along the optimal
solution. Consequently, it provides a locally optimal correction
upon state perturbation.
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Optimal control under actuation constraints,” IEEE Transactions on
Robotics, vol. 29, no. 5, pp. 1085–1101, 2013.
[21] L. Roveda, G. Pallucca, N. Pedrocchi, F. Braghin, and L. M. Tosatti,
“Iterative learning procedure with reinforcement for high-accuracy force
tracking in robotized tasks,” IEEE Transactions on Industrial Informatics, vol. 4, no. 14, pp. 1753–1763, 2018.
[22] A. Del Prete and N. Mansard, “Robustness to joint-torque-tracking errors
in task-space inverse dynamics,” IEEE Transactions on Robotics, vol. 32,
no. 5, pp. 1091–1105, 2016.

2377-3766 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

