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Abstract—A system capable of tracking radiation-force-
induced shear wave propagation in a 3-D volume using ultra-
sound is presented. In contrast to existing systems, which use 
1-D array transducers, a 2-D matrix array is used for tracking 
shear wave displacements. A separate single-element transduc-
er is used for radiation force excitation. This system allows 
shear wave propagation in all directions away from the push to 
be observed. It is shown that for a limit of 64 tracking beams, 
by placing the beams at the edges of the measurement region 
of interest (ROI) at multiple directions from the push, time-
of-flight (TOF) shear wave speed (SWS) measurement uncer-
tainty can theoretically be reduced by 40% compared with 
equally spacing the tracking beams within the ROI along a 
single plane, as is typical when using a 1-D array for tracking. 
This was verified by simulation, and a reduction of 30% was 
experimentally observed on a homogeneous phantom. Analyti-
cal expressions are presented for the relationship between TOF 
SWS measurement uncertainty and various shear wave imag-
ing parameters. It is shown that TOF SWS uncertainty is in-
versely proportional to ROI size, and inversely proportional to 
the square root of the number of tracking locations for a given 
distribution of beam locations relative to the push. TOF SWS 
uncertainty is shown to increase with the square of the SWS, 
indicating that TOF SWS measurements are intrinsically less 
precise for stiffer materials.

I. Introduction

shear wave imaging is a quantitative method of mea-
suring tissue stiffness noninvasively and in vivo. shear 

waves can be generated in tissue by muscle activity [1]–[4], 
external mechanical excitation [5]–[7], or by using acoustic 
radiation force [8]–[11]. The shear wave speed (sWs) in 
tissue is directly related to its stiffness. By monitoring 
shear wave propagation using a real-time imaging modal-
ity such as magnetic resonance imaging (MrI) [5], [6], [12] 
or ultrasound [7]–[11], the underlying tissue stiffness can 
be estimated.

a commonly used technique for sWs estimation from 
ultrasonically tracked tissue displacement is the so-called 
time-of-flight (ToF) method [7], [13], [14]. The shear wave 
arrival time is measured at several locations within a spa-

tial region of interest (roI), or kernel. Under assumptions 
of homogeneity, negligible dispersion, and a fixed direction 
of propagation within the roI, a linear model can be fit to 
the arrival times. The linear relationship between spatial 
location and arrival times can then be used to calculate 
the sWs.

This paper presents an ultrasonic system capable of 
monitoring acoustic-radiation-force-induced shear wave 
displacement within a volume of tissue. In contrast to pre-
vious systems which use mechanically swept 1-d array 
transducers to acquire volumetric data [15], a 2-d ma-
trix array transducer capable of electronic beamforming 
in both the lateral and elevation dimensions is used for 
tracking shear wave displacement. This enables shear wave 
arrival times to be measured in multiple directions from 
the radiation force excitation axis without the need for 
manual repositioning of the probe. The ability to monitor 
shear wave propagation in multiple directions has several 
advantages. First, it allows anisotropic mechanical prop-
erties to be characterized [16]. second, it increases the 
amount of data that can be acquired and used for sWs 
estimation. Finally, it enables additional flexibility in the 
placement of tracking beam locations.

In this paper, the potential for improving sWs mea-
surement precision in a homogeneous material by utilizing 
additional tracking beam locations available from a 2-d 
matrix array is investigated. The first portion of this pa-
per derives theoretical expressions for the uncertainty in 
ToF sWs estimation. It is then shown that given a fixed 
number of tracking locations, and roI size, the precision 
of ToF sWs estimation in a homogeneous material can 
be improved by increasing the spread of the tracking beam 
locations relative to the push by using a 2-d array. These 
theoretical results are then verified by simulations and 
experimental data acquired on phantoms using the 2-d 
matrix array transducer.

II. Uncertainty in ToF sWs Estimation

Measurement uncertainty can be classified into two 
groups: random and systematic [17]. In ToF sWs estima-
tion using acoustic-radiation-force-induced shear waves, 
the measured sWs is dependent on factors such as the 
frequency content of the shear wave [10], [18] and the loca-
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tion of the reconstruction region relative to the excitation 
geometry [19]. These factors can result in a systematic 
bias of the measured sWs. ToF sWs measurement is 
also subject to random errors such as jitter in ultrasonic 
displacement tracking [20]. This type of error has zero 
mean and gives rise to a range of sWs in repeat mea-
surements. In general, systematic errors are difficult to 
analyze because the underlying true value of the sWs is 
usually unknown. In contrast, random error can be as-
sessed by examining the spread of repeat measurements. 
although systematic bias among different sWs measure-
ment systems poses a significant challenge to the clinical 
acceptance of this technology [21], [22], the analysis of 
sources of bias in sWs estimation is outside the scope of 
this study. Instead, the focus of this paper is restricted to 
random measurement error in ToF sWs estimation. The 
terms uncertainty and precision throughout this paper re-
fer to the spread, or error bar size, of repeat measure-
ments, and do not include bias. When the spread of repeat 
sWs measurements is low, the measurement is described 
as having high precision, or low uncertainty.

The uncertainty in ToF sWs measurement resulting 
from random error (unbiased with zero mean) is now de-
rived. consider least-squares fitting of a line to a set of n 
shear wave arrival times t = {t1, t2, …, tn} measured at 
distances r = {r1, r2, …, rn} orthogonal to the push axis 
(the assumed direction of shear wave propagation). note 
that r can represent spatial locations within the entire 2-d 
plane orthogonal to the push axis. Multiple points within 
this plane can have the same value of r (the locus of these 
points is a circle of radius r with its center at the push). 
let t̂ denote the least-squares fit line, β̂1 the correspond-
ing slope, and β̂0 the intercept, such that

 ˆ ˆ ˆt r= .0 1β β+  (1)

The least-squares solution is given by [23]:
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The covariance cov(r, t) is a measure of the extent to 
which variations in t can be predicted by a linear function 
in r. When the covariance is zero, the minimum mean 
square error linear estimator for t in terms of r is simply 
the mean value of t (3d). When t is perfectly correlated 
with r, the covariance is equal to the product of the stan-
dard deviation of the two variables, cov(r, t) = σrσt [note 
that σt is calculated the same way as σr in (3b)]. The least 
squares slope (2a) in this case becomes the ratio σt /σr 
(intuitively, the variance in r is rescaled to have the same 
variance as t).

deviations in the arrival times about the least squares 
line are given by

 ε = t̂ t− . (4)

It is assumed that these deviations are due to random er-
rors in measuring the arrival time of the shear wave. 
sources of measurement error include ultrasonic displace-
ment tracking jitter resulting from speckle decorrelation 
and finite tracking kernel size [20], [24], as well as under-
sampling due to the finite pulse repetition frequency 
(prF) used for tracking. These type of errors are nor-
mally distributed, and do not include gross outliers, which 
can be removed by an algorithm such as random sample 
consensus (ransac) [25]. assuming that the variance of 
arrival time measurement error is σε

2 such that

 ε σε∼ N(0, ),2  (5)

then the least squares estimated slope β̂1 will also be a 
normally distributed random variable [23]:

 ˆ
ˆβ β σβ1 1
2( , ),

1
∼ N  (6)

where β1 is the true ToF slope and the standard deviation 
is given by

 σ
σ
σβ
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 (7)

To estimate the ToF sWs (ct), one calculates the inverse 
slope of the above linear model relating measured arrival 
times and distance from the push location:

 ˆ ˆct =
1

.
1β

 (8)

We are interested in the statistical distribution of ˆ ,ct  
namely, the uncertainty in ̂ct resulting from uncertainty in 
the estimated slope ˆ .β1  To find this, we begin by writing 
the probability density function (pdF) of β̂1:
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Making the change of variable
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and using the rule for transformation of random variables 
[26]
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(9) can be converted into the standard normal distribu-
tion:
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applying the same change of variable to (8) gives
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Eq. (14) can be expanded as a binomial series:
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The term ( )
1 1σ ββ̂ /  in (15) represents the ratio between the 

standard deviation of the estimated slope and its true 
value, and is equivalent to the inverse of the snr of the 
arrival time data. If we assume that β1 ≫ σβ̂ ,

1
 or that we 

have high snr arrival time data, (15) can be linearized by 
ignoring higher order terms:
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rearranging (16), one finds that

 p c ct t( ) = 11
1

1

ˆ ( ˆ )
ˆ

β
σ β
β
−  (17a)

 
d
d
p c
c
t

t

( )
= .1

2

1

ˆ
ˆ ˆ

β
σβ

 (17b)

By the rule for transformation of random variables,
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substituting (17) into (18) yields

 f c
c

c t
t

t̂
ˆ exp

ˆ
ˆ ˆ

( ) =
1

2 21

1

1
1
2

1
2

1 2

2
π
σ

β

σ
β β

β β( )
− −( )

( )












. (19)

From (19), it can be seen that the estimated sWs ĉt has a 
normal distribution of
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Because the inverse of the true ToF slope β1 is equivalent 
to the true ToF sWs ct, one finds that

 ˆ ˆc N c ct t t∼ ( ,( ) ).
1

2 2σβ  (21)

as expected, the mean value of ̂ct is the true ToF sWs ct. 
The standard deviation of the estimated sWs is given by

 σ σβˆ ˆc tt
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1

2  (22)

substituting (7) into (22), one finds

 σ
σ
σ
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This result indicates that the uncertainty of ToF sWs 
estimation is proportional to the square of the sWs. It is 
linearly proportional to the arrival time measurement er-
ror, and inversely proportional to the standard deviation 
of the radial distances sampled by the tracking beams. 
For a fixed distribution of radii, the sWs error is also 
inversely proportional to the square root of the number 
of tracking beams, as would be expected from averaging 
multiple measurements. Thus, given the same arrival time 
measurement error and the same tracking locations, the 
uncertainty in ToF sWs measurement increases with the 
square of the sWs. This is a fundamental limit for the 
performance of the ToF sWs estimation method. Eq. 
(23) is valid for any wave arrival time estimation tech-
nique. as an example, two common approaches include 
detecting the time to peak (TTp) and the time to peak 
slope (TTps) of the shear wave displacement. In a disper-
sive medium, these two methods may result in different bi-
ases in the measured sWs (a systematic error). However, 
the distribution of the sWs about its mean value from 
repeat measurements is still given by (23). In the next 
section, the potential for improving the precision of ToF 
sWs measurements by increasing σr through the use of 
the 2-d matrix array for tracking shear waves is explored.

III. Methods

It can be seen from (23) that by increasing σr, the stan-
dard deviation of ToF sWs measurements can be re-
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duced. The term σr is a measure of the spread of the ra-
dial distances sampled by the tracking beams, r, about its 
mean value r . Increasing σr can be accomplished by in-
creasing the number of tracking beams at the edges of the 
roI. Zhai et al. [27] previously showed that when only 4 
tracking beams are available from a 1-d array, positioning 
the beams at the ends of the roI leads to the lowest sWs 
estimation uncertainty. as will be demonstrated in the 
following subsections, by taking advantage of the addi-
tional flexibility in the placement of the tracking beam 
locations afforded by the 2-d matrix array, a large number 
of tracking beams can be positioned at the edges of the 
roI to increase σr. The next subsection will present theo-
retical predictions of improvement in sWs estimation pre-
cision for various possible beam location configurations 
using the 2-d matrix array. This is followed by descrip-
tions of experimental and simulation studies performed to 
verify these results.

A. Theory

consider an roI with radial range between rl and rh 
from the axis of excitation such that rl ≤ r ≤ rh, as shown 
in Fig. 1. The size of the roI, k, is given by k = rh − rl. 
Geometrically, this corresponds to an annulus within the 
plane orthogonal to the push axis centered at the push. 
let the number of unique radial positions sampled by the 
tracking beams be nr. note that more than one beam can 
have the same radial position r. let the total number of 
tracking beams n be distributed such that there are an 
equal number of beams, nθ, at each radius. That is,

 n n n nr r= , 2.θ ≥  (24)

In such a configuration, the variance in tracking beam 
radii, σr

2, can be found using only the unique radial posi-
tions sampled (because each one is weighted equally by 
the same number nθ). If the radii are evenly spaced within 
the extent of the roI, then the location of the ith unique 
radius, ri, is given by
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substituting (25) into (3b) and simplifying, one finds that 
the variance of the tracking beam radii of such a configu-
ration is given by the function
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substituting (26) into (23), it can be seen that
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and that the ToF sWs uncertainty is inversely propor-
tional to the roI size k.

let us now consider a typical tracking beam configura-
tion available from a conventional 1-d array transducer 
for monitoring radiation-force-induced shear wave propa-
gation. The sWs precision from tracking using a 2-d ma-
trix array will be compared with this reference configura-
tion throughout this paper. let the push be located at the 
center of the imaging field of view (FoV), and shear wave 
propagation tracked both to the left and right of the push. 
If half the total number of tracking beams are allocated to 
each side of the push (i.e., nθ = 2, nr = n/2), and they are 
equally spaced within the annular roI, then

 σr k n,1D /2 = ( , 2),Φ  (28)

where the subscript 1d denotes a 1-d array beam con-
figuration.

Using a 2-d matrix array capable of beamforming in 
both elevational and lateral dimensions, the shear wave 
arrival time can be monitored in an arbitrary number of 
directions from the push. This additional flexibility en-
ables the number of arrival time measurements taken at 
each radius, nθ, to be greater than two. To keep the total 
number of tracking beams constant, the number of unique 
radii sampled can be set to nr = n/nθ. If these are again 
evenly spaced within the radial extent of the roI, then

 σ θr k n n,2D /2 = ( , ),Φ  (29)

Fig. 1. Geometry of the kernel over which shear wave arrival times are 
measured for time-of-flight shear wave speed estimation in the coro-
nal (lateral-elevation) plane. The kernel (shaded gray) extends between 
rl and rh with a range k, and is centered on the push location (black 
square). The push axis is assumed to coincide with the axial dimension, 
which is orthogonal to the page in this view. Example tracking beam 
locations measuring shear wave arrival times are shown (black circles), 
and the radial position of one beam, ri, is marked. For this example 
configuration, four unique radial positions are sampled by the tracking 
beams (nr = 4) and there are three beams at each radius (nθ = 3).
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where the subscript 2d denotes a 2-d array beam con-
figuration.

let R be the ratio of the ToF sWs uncertainty ob-
tained using the beam configurations for a 2-d matrix 
array as described previously versus the reference configu-
ration for a 1-d array transducer:

 R c

c

t

t

= .
σ
σ

ˆ

ˆ

,2D

,1D
 (30)

It is clear from (23) that if the number of beams n, arrival 
time measurement uncertainty σε, and underlying sWs ct 
are equal for both the 1-d and 2-d array configurations, 
then R is given by the ratio of the spread in beam loca-
tions:
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Finally, substituting (26) into (31) and assuming equal 
roI range k, one finds

 R
n n n
n n n=
( 2)( )
( 2)( ).
+ −
− +

θ

θ
 (32)

When nθ = 2, the beam configuration corresponding to 
a 1-d array transducer is obtained, and R = 1. as nθ 
increases, R decreases, and a reduction in ToF sWs un-
certainty is obtained. The maximum decrease in R occurs 
when (nθ, nr) = (n/2, 2), corresponding to the case when 
arrival times are only measured at the edges of the roI, 

with half the tracking beams allocated to each edge. Intui-
tively, this makes sense, because the spread in the beam 
distances to the push is maximized in this configuration, 
leading to a large value of σr.

B. Experiment

1) Data Acquisition: To experimentally demonstrate 
the reduction in ToF sWs uncertainty possible through 
multi-directional tracking in homogeneous materials, 
the siemens 4Z1c matrix array transducer and sc2000 
scanner (siemens Healthcare, Ultrasound Business Unit, 
Mountain View, ca) were used to monitor acoustic-radia-
tion-force-induced shear waves in phantoms. The 4Z1c ar-
ray contains 48 × 36 (lateral × elevation) 0.4-mm square 
elements. an annular focused high-intensity focused ul-
trasound (HIFU) piston transducer (H-101, sonic con-
cepts, Bothell, Wa) was used for acoustic radiation force 
impulse (arFI) excitation (1.1 MHz, F/1, 63.2 mm focal 
depth). The 4Z1c was inserted into the central opening 
of the HIFU piston and the two transducers were rigidly 
coupled using a specially designed holder, as shown in 
Fig. 2(a). The two transducers were synchronized using 
a custom triggering circuit, as shown in the system block 
diagram in Fig. 2(b).

shear waves were induced in homogeneous phantoms 
of varying young’s modulus between 4.8 and 127 kpa 
(cIrs, norfolk, Va). For a linear, isotropic, elastic me-
dium, the relationship between young’s modulus (E) and 
shear wave speed is

 c
E

t = 2(1 ) ,
+ ν ρ  (33)

Fig. 2. (a) The 4Z1c imaging transducer inserted into the central opening of the high-intensity focused ultrasound (HIFU) piston and rigidly fixed 
with the holder. (b) system block diagram of the experimental setup used for tracking radiation-force-induced shear wave propagation in 3-d. The 
shear wave is generated with the HIFU piston, and tracked using the 4Z1c matrix array. The two transducers are synchronized by the line sync signal 
from the sc2000, which provides precise timing of transmit events on the 4Z1c. When the appropriate number of transmits have occurred, the trig-
gering circuit causes the signal generator to emit a 1.1-MHz burst of selected amplitude and duration (200 to 400 cycles). This signal is amplified by 
55 dB by an rF power amplifier (E&I a150, Electronics & Innovation, rochester, ny), and goes through an impedance matching network, before 
finally driving the HIFU piston to generate the acoustic radiation force push.
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where ν is the poisson’s ratio (assumed to be 0.5) and ρ 
is the density of the material (assumed to be 1000 kg/
m3). Multiple interrogations in different locations of the 
phantoms were performed to obtain different B-mode 
speckle and different realizations of arrival time measure-
ment noise. an excitation pulse with a derated intensity 
of Isppa.3 = 3175 W/cm2 (in situ Isppa.7 = 1674 W/cm2) 
was used, and the same excitation pulse length was used 
for repeated interrogations in the same phantom. This 
pulse length was varied between 200 and 400 cycles for 
the different phantoms to ensure adequate displacement 
(>1 µm) was obtained in all cases. The resulting shear 
waves were imaged using the 4Z1c at a center frequency 
of 2.8 MHz.

Because of current limitations of the sc2000 beamform-
ing hardware, arbitrary placement of beam locations was 
not possible. To overcome this deficiency, a finely spaced 
rectangular grid of 72 × 72 (lateral × elevation) beams 
was used for monitoring the shear wave to provide a large 
number of possible tracking beam locations. desired beam 
configurations were then tested by using the data from a 
subset of the beams from this grid. at an imaging depth 
of 60 mm, which is near the push focal depth when the 
two transducers are coupled, the average beam spacing is 
0.54 mm in both lateral and elevation dimensions, and the 
FoV is 38 × 38 mm. The radiation force excitation was 
located approximately at the center of the FoV, so that 
the resultant shear wave propagation can be visualized in 
all directions. 64:1 parallel receive was used to beamform 
a grid of 8 × 8 beams on every transmit so that only 81 
transmits were required to interrogate the entire grid of 
72 × 72 beams. shear wave displacement was monitored 
by repeating the push, and sequentially monitoring each 
of the 81 parallel receive beam groups in turn, until data 
from the entire FoV was acquired. The time interval be-
tween pushes was 22 s, and was limited by the data trans-
fer rate on the sc2000. Using this method, a high track-
ing prF of 7.7 kHz is obtained. although this approach 
requires a relatively long acquisition time, and 81 pushes 
to acquire data from the entire FoV, these drawbacks are 
not critical issues when imaging phantoms. The benefit 
is that shear wave displacement data with high sampling 
rates both spatially and temporally is obtained.

2) Data Processing: axial displacement along each 
beamline was measured using the zero-phase displacement 
estimation algorithm described by pesavento et al. [28] on 
Iq data. acoustic-radiation-force-induced displacements 
in the lateral and elevational directions are on the order 
of a magnitude smaller than the axial component [29], 
and cannot be monitored by ultrasonic speckle tracking 
methods. Therefore, only 1-d displacement tracking was 
performed. shear wave arrival times were measured by 
finding the TTps of the displacement time profile at each 
location. arrival times were analyzed at an imaging depth 
of 60 mm near the excitation focus.

The number of tracking beams (n) used for sWs recon-
struction was limited to 64. This is the number of parallel 

receive channels available from the sc2000, and repre-
sents the maximum number of locations at which the shear 
wave from a single arFI excitation can be monitored with 
this scanner. Five different configurations for the 64 track-
ing beams were tested: (nθ, nr) = {(2, 32), (4, 16), (8, 8), 
(16, 4), (32, 2)}, with radii equally spaced between 4 and 
17 mm from the push, corresponding to a roI size of 
13 mm. With a more extensively programmable system, 
or with a software beamforming system interfaced with 
the matrix probe, all the data from these beam configura-
tions could be acquired with a single transmit and arFI 
excitation. However, as previously mentioned, because of 
the current limitations of the sc2000, these beam configu-
rations were implemented by choosing a subset of beams 
from a rectangular grid of 72 × 72 beam locations. For 
each configuration, beam locations from the 72 × 72 grid 
closest to the desired set of radii, assuming the push was 
located at the center of the FoV, were selected for sWs 
estimation. data at remaining beam locations were not 
used. Thus, data for all five different beam configurations 
were synthesized from each full 72 × 72 grid data set. 
The beam locations selected for all configurations are il-
lustrated in Fig. 3. note that to obtain the required set of 
distances between the beams and the push axis from the 
limited grid locations, the beam patterns are not arranged 
in straight lines radiating out from the center of the FoV 
as one would expect.

Because the location of the arFI push from the HIFU 
piston relative to the 4Z1c is not known precisely, sWs 
estimation using experimental data was performed by 
least-squares fitting a conical surface to the arrival times, 
as shown in Fig. 4(b). The axis of the cone corresponds to 
the axis of the arFI excitation relative to the 4Z1c. When 
the HIFU piston and the 4Z1c are perfectly aligned, the 
cone axis coincides with the arrival time axis [the z-axis in 
Fig. 4(b)] and goes though the origin. The remaining two 
degrees of freedom, the cone opening angle, and the loca-
tion of its apex along its axis, directly correspond to the 
slope and intercept parameters of the linear model relat-
ing arrival times to distance from the push [see (1)]. For 
each data set, the arrival times as a function of location 
from all the beams in the 72 × 72 grid at 60 mm depth 
were fit to a cone to estimate the actual orientation and 
position of the push axis. To compensate for misalign-
ment between the HIFU probe and the 4Z1c, cones with 
this same axis were fit to the arrival time data from the 
selected beam locations for each configuration. In other 
words, only the opening angle and the apex location of 
the cone were allowed to vary. least-squares optimiza-
tion of these two parameters is equivalent to finding the 
slope and intercept in line-fitting. The sWs is estimated 
using the opening angle of the least-squares cone for each 
configuration.

C. Simulation

simulations were performed in Matlab (The Math-
Works, natick, Ma) to verify the theoretical reduction 
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in ToF sWs uncertainty shown in (31). shear wave ar-
rival times were generated for the five beam configura-
tions experimentally tested [(nθ, nr) = {(2, 32), (4, 16), 
(8, 8), (16, 4), (32, 2)}] within the same radial domain (4 
to 17 mm from the push). The beam locations used were 
exact, and not quantized by the 72 × 72 grid as for the 
experiment. The arrival times were generated as follows. 
First, the ideal arrival time at each beam location was 
calculated using its distance from the push and an sWs of 
1.26 ms, which is the same sWs as the 4.8-kpa phantom. 
Then, normally distributed noise with zero mean and a 
standard deviation of σε = 0.6 ms, similar to experimen-
tally observed noise levels [25], was added to the ideal 
arrival times to simulate measurement noise. sWs estima-
tion was performed by calculating the inverse slope of the 
least-squares fit line to these noisy arrival times, as previ-

ously described. This was repeated for 10 000 realizations 
of noisy arrival time data sets for all five beam configura-
tions. The standard deviation (precision) of the sWs over 
the 10 000 realizations for the five different beam configu-
rations was finally compared.

IV. results

Three-dimensional displacement fields measured using 
the 4Z1c after arFI excitation in the 4.8-kpa phantom 
with the HIFU piston are shown in Fig. 5. although a 

Fig. 3. Beam locations from a 72 × 72 grid at 60 mm imaging depth 
used for sWs estimation: (a) (nθ, nr) = (2, 32), (b) (nθ, nr) = (4, 16), 
(c) (nθ, nr) = (8, 8), (d) (nθ, nr) = (16, 4), and (e) (nθ, nr) = (32, 2). The 
standard deviation of the beam distances from the push at the center of 
the FoV, σr, is shown for each configuration. although the beams for the 
(nθ, nr) = (2, 32) case do not lie on a straight line, they have the same 
σr as a typical configuration when using a 1-d array for shear wave im-
aging. The other cases correspond to additional configurations possible 
using a 2-d array.

Fig. 4. (a) shear wave arrival times measured from the 4.8 kpa homoge-
neous phantom in the plane orthogonal to the push axis at an imaging 
depth of 60 mm, which is near the excitation focal depth. The push is 
approximately at the center of the FoV. arrival time measurements 
close to the push near the center of the FoV were not possible, as a 
result of reverberation echoes of the radiation force excitation. (b) least-
squares cone fit to the arrival times shown in (a). The actual push axis 
location and orientation, as well as the sWs can be estimated from the 
parameters of the cone. (c) surface plots of arrival times at the same 
imaging depth (60 mm) measured from three homogeneous phantoms of 
different stiffness. The estimated sWs from cone fits to the data shown 
are displayed.
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HIFU piston was used for radiation force excitation, be-
cause of the short duration of the arFI pulse (182 to 
364 µs), displacement magnitudes on the order of mi-
crons are obtained axially along the beamline direction. 
as previously mentioned, displacement in the lateral and 
elevation directions are negligible in comparison [29], and 
were not measured. It is evident from Fig. 5 that as time 
after the excitation increases, locations increasingly fur-
ther away from the push are perturbed by the shear wave. 
although shear wave data are analyzed in only one plane 
near the excitation focus in this paper, arFI-induced 
shear wave displacement throughout a 3-d volume can be 
monitored using the matrix array.

The shear wave arrival times in the FoV at 60 mm 
for one acquisition on the 4.8-kpa phantom are shown in 
Fig. 4(a). Because of reverberation echoes of the radia-
tion force excitation, displacement estimates early in time 
after the push were not available. Therefore, arrival time 
measurements close to the push near the center of the 
FoV were not possible. as expected, the shear wave takes 
longer to reach locations further from the push. The ar-
rival time appears to be isotropic, as would be expected 
for a homogeneous isotropic material. Because of the slow 
sWs in this phantom, the shear wave did not reach the 
corners of the FoV within the tracking duration. Fig. 4(b) 
illustrates the cone-fit to the arrival times for the example 
in Fig. 4(a). The sWs can be estimated from the opening 
angle of the cone. a faster sWs corresponds to lower ar-
rival times, and consequently, a bigger opening angle. Fig. 
4(c) shows surface plots of arrival times from acquisitions 
on three homogeneous phantoms of different stiffness (E 
= 4.8, 12, 30 kpa), and estimated sWs from each using 
cone fits to the data.

The accuracy of the alignment between the HIFU 
probe and the 4Z1c was assessed from the axis of the 
cones fit to arrival times from 200 acquisitions collected on 

the 4.8-kpa phantom over multiple days, during which the 
HIFU probe was repeatedly disassembled and re-attached 
to the 4Z1c. The axis of the HIFU piston and the 4Z1c 
had an average difference of 0.5 ± 0.3° in orientation and 
0.5 ± 0.2 mm in position at an imaging depth of 60 mm. 
Thus, the radii of the tracking beams in Fig. 3, which 
were computed assuming a perfectly aligned push axis and 
the 4Z1c, should not be significantly different from their 
intended values.

The reduction in sWs uncertainty predicted by (31) for 
64 tracking beams within the same size roI with different 
distributions σr is plotted in Fig. 6. The standard devia-
tion of the estimated sWs from 10000 sets of simulated 
arrival times was calculated for the five beam configu-
rations (nθ, nr) = {(2, 32), (4, 16), (8, 8), (16, 4), (32, 2)}. 
These values were normalized by the standard deviation 
for the reference 1-d array case [(nθ, nr) = (2, 32)], and are 
shown on the same plot. similarly, the sWs standard de-
viation from 200 acquisitions on the 4.8-kpa phantom was 
calculated for the five beam configurations, and the exper-
imentally achieved reduction in sWs standard deviation 
is also shown on the same figure. note that the σr values 
plotted in Fig. 6 for the experimentally implemented con-
figurations are from the actual beam locations used. These 
differ from the σr values of the prescribed beam configura-
tions (shown by the x-axis location of the simulated data 
points) due to quantization error from the limited beam 
locations available from the 72 × 72 grid. However, the dif-
ferences in σr were small (on average 0.03 mm for the five 
configurations), as can be seen from the x-axis locations of 
the experimental and simulated data points. To calibrate 
the reader, the experimental sWs standard deviation for 
the baseline (nθ, nr) = (2, 32) case was 0.016 m/s. Because 
of practical restrictions, the number of experimental data 
sets used to assess ToF sWs precision was limited to 200. 
To illustrate the uncertainty in estimating the standard 

Fig. 5. a 3-d displacement field measured by the 4Z1c after arFI excitation using the HIFU piston in a 4.8 kpa phantom: (a) t = 0.8 ms, (b) t = 
3.4 ms, and (c) t = 6.0 ms. The displacements measured along the beamline direction using 1-d speckle tracking are shown as a volume rendering 
at three different time steps after the excitation. darker pixels correspond to larger displacement amplitude. The push axis is parallel to the axial 
direction and is centered at the origin in the lateral and elevation dimensions. orthogonal sections of the displacement field at planes indicated by the 
dashed lines are also projected onto the back walls of the plot. one of these planes is a coronal view (orthogonal to the push axis) at an axial depth of 
60 mm, which is close to the excitation focus. Throughout this paper, shear wave data from this plane are analyzed (i.e., the plane shown in Fig. 3).
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deviation from 200 samples, the sWs standard deviation 
from a subset of 200 samples randomly selected from the 
10 000 simulated data sets for each beam configuration 
was compared with the standard deviation for the entire 
10 000 samples. This was repeated for 1000 randomly se-
lected subsets. The mean difference in standard deviation 
evaluated over 200 and 10 000 samples are plotted as error 
bars in Fig. 6.

In addition to the 200 acquisitions on the 4.8-kpa phan-
tom, an additional 20 data sets were acquired on each of 
five other phantoms with varying stiffness up to 127 kpa. 
The sWs standard deviation was calculated for each us-
ing the (nθ, nr) = (2, 32) configuration. These were then 
normalized by the standard deviation of the fitted slope, 
σβ̂ .

1
 This effectively normalizes differences in the arrival 

time measurement error for the different phantoms. a plot 
of the normalized sWs standard deviation is shown in 
Fig. 7 versus the mean sWs obtained from all acquisitions 
on each phantom. The theoretically predicted curve for 
this relationship from (22) is shown on the same figure.

V. discussion

as shown in Fig. 6, there is excellent agreement be-
tween the reduction in sWs uncertainty achieved on simu-
lated data and that predicted by theory. The experimen-
tal results, however, show deviations about the expected 
values of R. nevertheless, the overall trend of decreasing 
sWs standard deviation with increasing σr is maintained. 
The largest reduction occurred for the (nθ, nr) = (32, 2) 
beam configuration, where a 30% decrease in sWs uncer-
tainty compared with the baseline (nθ, nr) = (2, 32) case 
was achieved experimentally, and a 40% decrease was pre-
dicted by theory and simulation. The disparity between 
the experimental results and theory may be due in part 
to the relatively small number of acquisitions (N = 200) 
used to assess the sWs standard deviation compared with 
the simulations (N = 10 000). The uncertainty associated 
with estimating the standard deviation from 200 samples 
is shown by the error bars in Fig. 6. as the sample size 
increases, a more accurate estimate of the sWs standard 
deviation for the various beam configurations should be 
obtained.

a limitation of the theoretical derivation for the ToF 
sWs estimation uncertainty presented in section II is that 
constant arrival time measurement noise is assumed at 
all beam locations. This is unlikely to be true in practice, 
and is another factor which could cause the discrepancy 
between the experimental and theoretical results in sWs 
uncertainty reduction observed in this study. There are 
two reasons why the arrival time measurement noise may 
be unequal at different beam locations: 1) variation in 

Fig. 6. sWs standard deviation for the five tracking beam configura-
tions tested as a ratio of the standard deviation for the reference 1-d 
array case [(nθ, nr) = (2, 32)]. The predicted values for this ratio using 
the σr values of the beams and (31) are shown by the dashed curve. The 
reduction obtained from 10 000 simulated noisy arrival time data sets is 
marked by triangles, and that from 200 experimentally acquired data 
sets from a homogeneous phantom is marked by circles. note that the σr 
values for the experimental data are slightly different from the prescribed 
beam configurations because of the limited beams available from the 72 
× 72 grid. The error bars on the experimental data show the expected 
uncertainty in estimating the standard deviation from only 200 samples. 
These were determined by comparing the standard deviation of 1000 sets 
of 200 randomly selected samples from the 10 000 data sets simulated for 
each configuration with the standard deviation obtained over all 10 000 
samples. note that there is no error bar for the reference 1-d array case 
[(nθ, nr) = (2, 32)], because this is used for normalization, and by defini-
tion is equal to 1.

Fig. 7. ToF sWs standard deviation versus the mean sWs in six homo-
geneous phantoms of different stiffness (squares), and after normalizing 
for the arrival time estimation error by dividing by the standard devia-
tion of the fitted slope, σβ̂1

 (circles). The relationship between the nor-
malized sWs standard deviation and the sWs predicted using (22) is 
shown by the dashed line. The (nθ, nr) = (2, 32) beam configuration was 
used for sWs estimation in all cases. The sample size was 200 for the 
phantom with a mean sWs of 1.3 m/s, and 20 for the others.
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beam point spread function (psF) caused by beamform-
ing, and 2) attenuation of the shear wave as it propagates 
through the medium.

The tracking beam psF directly impacts the accuracy 
of ultrasonically tracked displacements. Indeed, the main 
source of noise in ultrasonic tracking of radiation force in-
duced displacement is due to the distortion of the scatter-
er distribution within the tracking beam caused by spatial 
gradients in the displacement field [30], [31]. Beams with 
higher side lobe levels are subject to higher levels of track-
ing noise because of the greater contribution of scatterer 
motion from the side lobes. Thus, when the psFs of the 
tracking beams vary, the accuracy of the measured arrival 
times from those beams will also be different.

as described in section III-B, 64:1 parallel receive 
beamforming was used to acquire grids of 8 × 8 beams 
experimentally in this study. a single transmit focused at 
the center of the grid was used for isonification. data at 
all 64 beam locations was acquired by shifting the receive 
focus away from the transmit focus to every location in 
the grid. This has the effect of increasing the side lobe 
magnitude of the track beam psF [32]. as the receive 
focus is shifted further away from the transmit focus, the 
side lobe level increases. Thus, the outer beams in the 8 
× 8 grid have higher side lobe levels than beams located 
near the center of the grid. Therefore, in the experiments 
performed for this study, a beam configuration in which 
more beams near the edges of the 8 × 8 parallel receive 
beam groups are selected for sWs estimation will have 
lower than expected sWs precision. To mitigate nonuni-
form tracking jitter resulting from parallel receive beam-
forming, a transmit beam with a higher f-number, or a 
plane wave transmit could be used.

The other factor which can cause the accuracy of ar-
rival time estimates to vary with location is shear wave 
attenuation. as a shear wave propagates through tissue, 
its amplitude can be attenuated by geometric spreading 
or viscosity [10], [18]. This causes the displacement am-
plitude at locations further from the push to be smaller, 
leading to larger arrival time measurement error at these 
locations. Because this factor was not taken into account 
in the derivation of (31), the experimental beam configu-
rations in this study which utilize more beams far from 
the push will have lower than expected sWs precision.

least-squares fitting with unequal arrival time mea-
surement accuracy at different locations will still give an 
unbiased estimate of the sWs. To extend the analysis of 
ToF sWs estimation uncertainty to account for unequal 
measurement accuracy, the following form for the stan-
dard deviation of the slope parameter β̂1 can be used [23]:
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where ai2 is the scaling factor for the noise variance at each 
beam location. It can be shown that if the weights are 
uniformly equal to one (i.e., ai2 = 1, ∀i), then (34) reduces 

to (7). Eq. (22) relating the standard deviation of the 
sWs and the standard deviation of the estimated slope 
still applies in this situation. Therefore, the sWs uncer-
tainty can still be reduced by minimizing (34). In minimiz-
ing (34), both the location (ri) and measurement noise 
( )ai2 2σε  of the beams must be taken into account to ensure 
that decreases in σβ̂1

 from spreading the beam locations is 
not offset by beams with higher measurement noise caused 
by beamforming or shear wave attenuation. The determi-
nation of the weights ai2 is a difficult problem, because 
they are dependent on many factors, including the source 
of the shear wave, the beamforming technique used for 
tracking, and the viscoelastic properties of the underlying 
medium. one approach for determining ai2 would be to 
simulate both the response of the tissue to the radiation 
excitation force field experimentally used [33] and ultra-
sonic imaging of the induced displacements [30]. In prac-
tice, the exact viscoelastic properties of the medium to be 
imaged are unlikely to be known a priori, so a range of 
material properties likely to be encountered could be sim-
ulated.

as shown in Fig. 7, the experimentally measured ToF 
sWs uncertainty increased with mean sWs value in 
phantoms. Because the underlying viscoelastic properties 
of the phantoms were different, shear waves of varying 
bandwidths were induced with impulsive radiation force 
excitation, leading to differences in the arrival time mea-
surement accuracy between the phantoms. after normal-
izing for this effect, the sWs uncertainty increased with 
the square of the sWs, as was predicted by (22). The fact 
that the uncertainty in ToF sWs measurements increases 
with the square of the sWs has implications for the inter-
pretation of experimental results using ToF sWs estima-
tion. First, a greater sample size is needed for sWs mea-
surements in stiffer materials to achieve the same power 
in statistical analysis as in softer materials. second, in 
studies which involve the analysis of variability in sWs, 
for example, in comparing stiffness heterogeneity in the 
liver as a function of fibrosis stage, the inherent increase in 
the variance of sWs measurements in stiffer media must 
be taken into account.

The analytical relationships for the uncertainty in ToF 
sWs measurement presented in this paper are applicable 
to tissue as well as homogeneous phantoms. However, the 
tracking beam configurations presented in this paper are 
not intended for use in all situations. Their purpose is 
merely to illustrate that by increasing the spread in the 
beam locations, a more precise measurement of the sWs 
can be obtained. The specific tracking beam locations to 
use in any application should be chosen based on the goal 
of the experiment, as well as the material properties of the 
underlying medium. additional considerations to be taken 
into account when selecting tracking beam locations for 
imaging tissue include shear wave attenuation caused by 
viscosity, as was previously mentioned, potential variation 
in stiffness with location (heterogeneity), and potential 
variation in stiffness with direction (anisotropy).
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The main drawback of the approach used in this paper 
for improving sWs measurement precision is the assump-
tion of tissue homogeneity within the roI. It was shown 
in (27) that ToF sWs precision and roI size have an 
inverse relationship. Therefore, there is an inherent trade-
off between sWs precision and spatial resolution. In ap-
plications in which the tissue stiffness is relatively homo-
geneous and spatial resolution is not critical, for example 
in assessing liver stiffness, measurement of the average 
sWs over a large roI is useful. However, in applications 
where an image of stiffness is desired, smaller roIs must 
be employed, which limits the spacing between tracking 
beam locations and results in lower ToF sWs measure-
ment precision.

The tracking beam configurations presented in this pa-
per also assume the underlying medium to be isotropic, so 
that sWs does not vary with direction. Therefore, beams 
were placed at arbitrary angles relative to the push in 
the lateral-elevation plane. However, in tissues which are 
anisotropic, where the sWs is directionally dependent, it 
is not possible to measure a single sWs over the entire 
annular roI. Instead, independent sWs measurements 
must be made in different directions from the push. This 
additional restriction requires beams to be placed in a 
sufficiently wide variety of angles to obtain the desired 
angular resolution in sWs. nevertheless, the general prin-
ciple of maximizing the spread in the beam locations and 
the theoretical ToF sWs measurement uncertainty [Eq. 
(23)] can still be applied independently for each direction.

For end users of quantitative sWs imaging systems, a 
useful feature would be some indication of the expected 
accuracy of their measurements. If there was a method to 
ascertain the arrival time estimation error σε, an estimate 
for the sWs measurement uncertainty could be calculated 
using (23):

 s
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where sct̂  is the estimated sWs uncertainty and sε is an 
estimate for the arrival time error. Fortunately, sε can be 
estimated by the deviations of the arrival times about the 
least squares fit line [23]:
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where ε · ε is the sum of the square errors, and n is the 
number of arrival times used for the fit. Eq. (35) gives a 
direct estimate of the uncertainty, or error bar size, of the 
shear wave speed measurement in meters per second. It is 
easy to show that when cov(r, t) = σrσt (perfect correla-
tion between arrival times and position), the uncertainty 
is 0 m/s, and when cov(r, t) = 0 (no correlation), the 
uncertainty is infinite. Thus, in addition to obtaining an 
sWs estimate ĉt from a single acquisition, one can also 
estimate the uncertainty in that estimate, sct̂, from the 
quality of the fit and (35).

In addition to the ability to optimally position tracking 
beam locations to improve sWs measurement precision, 
another benefit of tracking shear wave propagation in 3-d 
using a 2-d matrix array is the increase in the amount of 
data that can potentially be acquired. If the number of 
tracking beams n is not held fixed, but allowed to increase 
by either increasing nθ or nr, then a n reduction in sWs 
measurement standard deviation would be achieved [see 
(23)]. This would be feasible using a matrix array system 
capable of single channel acquisition and software beam-
forming.

although the 3-d shear wave imaging system described 
in this paper is a useful research tool, it has not been 
optimized for data acquisition in in vivo experiments. al-
though capable of acquiring high-quality data with high 
sampling rates both spatially and temporally, the long 
acquisition time and large number of pushes required to 
sample the entire rectangular FoV is impractical for clini-
cal studies. For practical purposes, both the number of 
tracking beams and the prF can be reduced to increase 
acquisition speed and decrease the number of radiation 
force excitations needed. If current limitations of the 
beamformer hardware can be overcome, then arbitrary 
beam locations, such as one of the configurations tested in 
this paper, may be realizable with a single transmit and 
64 parallel receive. alternatively, if single-channel data 
can be acquired from the 2-d array, beamforming can be 
performed offline in software.

Ideally, both radiation force excitation and shear wave 
tracking is performed with a single transducer. However, 
because of the high cost of the 4Z1c probe, this has not 
yet been attempted in our lab. nevertheless, this is a pos-
sibility that is under investigation.

VI. conclusion

ToF sWs measurement uncertainty is inversely pro-
portional to roI size, and inversely proportional to the 
square root of the number of tracking beam locations. 
ToF sWs uncertainty increases with the square of the 
sWs. This means that ToF sWs measurements are in-
trinsically less precise for stiffer materials.

For a fixed number of tracking beams and roI size, the 
ToF sWs uncertainty can be reduced by increasing the 
spread of the tracking beam locations relative to the push 
within the roI. This was experimentally demonstrated 
using a 2-d matrix array ultrasound transducer to moni-
tor radiation-force-induced shear wave propagation in a 
3-d volume. By taking advantage of the additional beam 
locations available from the 2-d matrix array compared 
with a conventional 1-d array transducer, an increase in 
the spread of the beam locations relative to the push was 
able to be achieved. Using a limit of 64 tracking beams, 
a reduction in ToF sWs measurement uncertainty of 
40% was shown to be theoretically possible by placing the 
beams at the edges of the roI at multiple directions from 
the push, instead of spacing the beams equally within the 
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roI along a single plane, as is typically done for shear 
wave imaging using a 1-d array. This is corroborated with 
simulated data, and a reduction of 30% was achieved in 
practice using experimental data acquired with the 2-d 
matrix array on a homogeneous phantom. although the 
sWs standard deviation obtained on a phantom using the 
experimental setup in this study was small (<0.016 m/s), 
in practical imaging situations where a lower tracking 
prF, smaller number of tracking beams, and smaller roI 
size is used, and increased displacement jitter may be pres-
ent because of lower B-mode snr, the sWs uncertainty 
will be larger. For example, for repeated acquisitions in 
in vivo liver using 32 parallel beams uniformly spaced in 
a single plane, we observed sWs standard deviations of 
up to 0.2 m/s [25]. The improvement in sWs precision 
obtained by tracking shear waves with the 2-d matrix ar-
ray should be most beneficial in these situations and when 
imaging stiff materials.

In an ideal shear wave imaging system, the sWs mea-
surement would have both high accuracy (low bias) and 
high precision (low spread). This paper has proposed 
methods for characterizing sWs measurement precision 
and an approach for increasing the precision of sWs 
measurements by increasing the spread in tracking beam 
locations. However, the analysis and methods presented 
herein do not extend to systematic sources of errors, such 
as shear wave dispersion, which cause measurement bias. 
depending on the application, systematic errors, which 
contribute to differences in the sWs measured by differ-
ent systems, may pose a more significant problem than 
measurement precision. analysis of potential systematic 
sources of sWs measurement error in shear wave imaging 
systems must be performed in future studies to facilitate 
wider clinical use of this technology.
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